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Abstract

The purpose of this work is to describe some fundamental properties of
Hanamura’s cohomological Chow groups. In the singular case, we estab-
lish an analogue of Voevodsky’s comparison theorem between Hanamura’s
motivic cohomology and Friedlander—Voevodsky’s motivic cohomology. Us-
ing this identification and the Kerr-Lewis-Miiller-Stach construction (KLM-
formula), we construct a regulator for singular (quasi-projective) varieties,
from motivic cohomology to absolute Hodge cohomology. The procedure is
via cubical hyperresolutions X, — X of Guillén—Navarro—Pascual-Puerta.

In the end, we do some explicit calculations of motivic cohomology, using
Hanamura’s spectral sequence. If we consider varieties of dimension three
with smooth singular locus, this reduces the calculations to the normal cross-
ing divisor. Then we consider varieties of higher dimensions, with the same
conditions as for the previous varieties.
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Alguien dijo:

-j...4monos!

Los tres novilleros echaron a caminar, al frente de sus
cuadrillas. A mitad del ruedo Luis Ortega se des-
cubrié, por ser el debutante.

En ese momento, dominando la ovacién y el pa-
sodoble, el tiempo golped cuatro veces en la campana
del reloj de la Plaza México.

ii La hora !!

Y Luis Ortega ponia ya el primer paso en el misterio.

Luis Spota, “M4s cornadas da el hambre” (1950)
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Introduction

The category of mixed motives MM(k) is conjecturally described by
A. Beilinson [Bei87] and P. Deligne, as a tensor abelian category which
contains to Grothendieck’s category of pure motives as the full subcategory
of semi-simple objects, in analogy with the mixed Hodge structures [Hodgel],
[Hodgell] and [HodgelIl]. One expected important property is the existence
of a Bloch-Ogus cohomology theory for smooth schemes:

HY (X, Z(q)) = Exti/[M(k) (Z(0), M(X) @ Z(q))
with Chern classes from algebraic K-theory:
P: Koqp(X) — HY (X, Z(q))
which induce an isomorphism:
Kaq—p(X)9 = HY (X, Z(q)) © Q,

where K, (—)@ is the weight eigenspace of the Adams operations.

The original idea of motivic cohomology as a universal cohomology
theory for algebraic varieties is due to A. Grothendieck. This should be a
theory that plays the same role in algebraic geometry as singular cohomology
in algebraic topology. A. Beilinson [Bei87] and S. Lichtenbaum [Lic84] con-
jectured, independently, that integral motivic cohomology can be computed
as the hypercohomology of adequate complexes Z(q) on Zariski and étale site
on X in the derived category, respectively. As in algebraic topology, Beilin-
son suggests the existence of an “Atiyah-Hirzebruch spectral sequence” for
smooth schemes of the form

EP? = Hy, (X, Z(—q)) = K_pg(X)

converging to Quillen’s algebraic K-theory whose Fa-term is motivic coho-
mology. For the properties we refer to [Bei87] and [Lic84].

xi
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0.1 Absolute motivic cohomology. The first approximation to motivic
cohomology is via K-theory. Guided by the relationship between K-theory
and singular cohomology in the topological case, Beilinson [Bei84] defines,
for a quasi-projective variety X over C its rational motivic cohomology as

Hyj oo (X, Q(n)) == K2n—q<X)(n) ®Q (1)

the subspace of weight n for Adams operations of a situable K-group of X.
Moreover, for a regular complex projective variety X, Beilinson constructed
a regulator morphism to the Deligne cohomology of X:

regp: HY

mot

(X,Q(n)) = Hy (X, Z(n)) — Hi)(X,R(n));
with applications to special values of L-functions of Grothendieck’s motives.

0.2 Higher Chow groups. In the spirit of singular cohomology and in
terms of algebraic cycles, S. Bloch [Blo86a] has another approach to motivic
cohomology. Bloch’s cycle complexes are complexes of sheaves in the Zariski
topology. Let Z"(X,m) be the subgroup of Z"(X x A™) generated by the
cycles meeting all the faces properly, where A™ = Spec{k[to, conytm] /(1 —
>0 t;)} is the algebraic simplez. The assignment m — 2"(X,m) defines
a simplicial abelian group Z'y (X, e). The higher Chow groups are defined as

CH"(X,m) 1= Hp(Zh(X,e)).

These groups generalize the classical Chow groups CH"(X,0) = CH"(X),
cycles of codimension r on X modulo rational equivalence. Tensoring with
Q, Bloch proves the following identification:

CH'(X,m) ® Q = Kn(X)y,
where K, (X )g) is the subspace of weight r (for Adams operations) in
the rational Quillen K-theory of X. This generalizes the classical result
of Grothendieck identifying CH"(X) ® Q = Ky(X )g) Furthermore, it re-
covers the original definition of Beilinson (1). Then, higher Chow groups
are also natural candidates for motivic cohomology. There are several recent
approaches to motivic cohomology, many of them in terms of algebraic cy-
cles, among which Friedlander-Voevodsky [FV00], Hanamura [Han00], and
Voevodsky [MVWO06]. In this direction, Voevodsky proved a fundamental
result: Bloch’s higher Chow groups are isomorphic to motivic cohomology
in the smooth case, for a field k£ that admits resolution of singularities.
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Theorem 0.0.1 [MVWO06, Theorem 19.1] Let X € Sm(k). Then motivic
cohomology coincides with higher Chow groups

CH (X, m) & H2~™(X, Z(r)) = Hompagy, 4o (M (X), Z(r) 2r — m)),

where DMgm (k) is the Voevodsky’s triangulated category of mized motives.
In particular, for m = 0, we recover the fact that CH"(X) = H3r (X, Z(r)).

0.3 Regulators. Motivic cohomology is related to other theories of ab-
solute cohomologies via regulators. The term “regulator” comes from the
relationship that these morphisms have with the Borel and Beilinson-Bloch
regulators [Bei84]. The regulator of a number field F' is a morphism

Rp: Of = K1(0p) — R 7271

used by Dirichlet in his study of the units of the ring of integers of a number
field. The class number formula is a result proved by Dirichlet that relates
all the important numerical invariants of the number field to the covolume
of the regulator Rp. Borel (Bloch-Beilinson) regulator is the higher dimen-
sional analogue of the Dirichlet regulator, considered as a morphism from
algebraic K-theory to some theory of absolute cohomology.

0.4 Absolute Hodge cohomology. Another main ingredient in the con-
struction of the regulator morphism (and Beilinson’s conjectures) is the ab-
solute Hodge cohomology. This is defined in terms of a mixed Hodge complex
[Bei86] and [HodgeIIl]. In fact, the constructions of Deligne cohomology and
homology are also given in terms of mixed Hodge complexes. An A-mixed
Hodge complex K3, is given by a diagram in the derived category:

K} - (Klag W) =5 (K&, W, F)
and the absolute Hodge cohomology is given by
RT3¢(K*®) := Cone® (K & WoKJ 00 ® (WoNFO) K& — 'Khoo®Wo 'K2)[~1]

where W is the Deligne décalage filtration. According to Deligne [HodgelII],
there is a mixed Hodge complex associated to a smooth complex algebraic
variety (to smooth simplicial varieties or posiblly singular complex algebraic
varieties). An important result by Deligne [HodgeIll, 8.1.9], is that the
cohomology of a mixed Hodge complex defines a mixed Hodge structure. In
[Blo86b], Bloch constructed for X smooth, a cycle-class morphism

clyn: CHY(X,n) — H2""(X,Z(q))
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where H%q_”(X ,Z(q)) is the Deligne-Beilinson cohomology. A. Goncharov
[Gon95] and [Gon02] suggests that the regulator morphism should be in-
duced by an explicitly defined morphism between these complexes. The
KLM-formula is a morphism of complexes inducing the Bloch-Beilinson
regulator morphism with rational coefficients. Kerr, Lewis and Miiller-Stach
[KLMO6] gave such a morphism, using a cubical variant of Bloch’s higher
Chow groups to compute motivic cohomology, and a 3-term-complex to
compute Deligne-Beilinson cohomology:

Theorem 0.0.2 [KLMO06, 5.5] There is a morphism of complexes
regx: 2R (X, 8) = O (X, Q(p)),
where the inclusion Z (X, o) < ZP(X, e) is a quasi-isomorphism.

The regulator is given in terms of integration of currents and describes
the Bloch’s cycle-morphism, further generalizing the Griffiths’s Abel-Jacobi
morphism.

0.5 Hodge realizations. On the other hand, if MHCP is the category
of mixed Hodge complexes with polarizable cohomology [Bei86], there is a
realization functor:

DMy, (k) — D*(MHSP)

from the category of geometric motives. This functor induces cycle class
morphism. In [KLO7], the authors generalize the Bloch’s cycle class mor-
phism to smooth quasi-projective varieties. In this generalization, Deligne
cohomology is replaced by the absolute Hodge cohomology Hg. which in-
cludes weights, and the regulator is the absolute Hodge cycle-class morphism

cloc: CHP(X,n) — Hy? ™" (X, Q(p)).

Moreover, for a complete normal crossing divisor Y C X, they define an
Abel-Jacobi morphism

HY ™Y, Q(p)) — Hy? ™ (Y, Q(p))

where the motivic cohomology of Y is computed by semi-simplicial hyper-
resolutions in the spirit of Guillen-Navarro-Pascual-Puerta [GNPP88]. This
suggested that the KLM-formula can be extended to smooth simplicial va-
rieties, o more generally, to singular varieties, using semi-simplicial hyper-
resolutions of varieties over the complex numbers.
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Motivic cohomology and regulators for singular varieties

In the case of singular varieties, the higher Chow groups fail as motivic
cohomology, as these form a motivic Borel-Moore homology theory (as in
algebraic topology). In this case, pull-backs behave better for motivic co-
homology than for higher Chow groups. However, much of the construction
used in the case of normal crossing divisors extends to singular varieties,
such as motivic cohomology, absolute Hodge cohomology, regulators and
Abel-Jacobi morphisms extend directly using simplicial hypercovers.

0.6 Hanamura’s motivic cohomology. Using the extension criterion
of Guillén-Navarro [GNAO02], Hanamura [Han00] extends the definition of
motivic cohomology to the case of singular varieties, and other theories
starting from higher Chow groups. This is a contravariant functor from
quasi-projective varieties to abelian groups

X — CHC"(X,m);

which coincides with CH" (X, m) for X smooth. The procedure is via cubi-
cal hyperresolutions (analogous to Deligne hypercoverings) [GNPP88]. For
a singular quasi-projective variety X, consider its cubical hyperresolution
a: Xe — X. This is a semi-simplicial scheme of the form

d
— 2 d

H 1
. { Xo -d1 > X t Xog 245 X
— 2 5 1T0> 0

do

consisting of smooth quasi-projective varieties X, with an augmentation a
to X, satisfying certain conditions with the face morphisms. The cubical
hyperresolution has the property that the cohomology of X can be computed
by the cohomology of X,, the cohomological descent property. Applying the
technique of Bloch’s cycle complex to hyperresolutions, we obtain a double
complex

0— 27 (Xo,0) 5 27(X1,0) -5 - L 27 (X 0) — -
where Z"(X),e) is the Bloch’s cycle complex of X, and the (horizontal)
differentials are given by d = >_(—1)'d}. Let Z"(X4)* be its total complex.

Hanamura’s motivic cohomology is defined as:

CHC (X, m) = Hp (27 (X))
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The definition is independent, up to isomorphism, of the choice of hyperres-
olution. Naturally there is a spectral sequence associated with this double
complex, the Hanamura spectral sequence

EYY(r) := CH"(X,, —¢q) = CHC"(X,p — q).

Many of the properties for smooth varieties can be inherited to singular
varieties, such as homotopy invariance, Mayer-Vietoris, etc. The motivic
cohomology of Friedlander-Voevodsky of a singular variety is defined in
terms of Suslin-Friedlander motivic complex, using the cdh-hypercohomology
[FV00]. An important result is that Hanamura’s motivic cohomology agrees
with the motivic cohomology of Friedlander-Voevodsky, as suggested by
Hanamura in [Hanl14]:

Theorem 0.0.3 Let X be a quasi-projective variety over a field k that ad-
mits resolution of singularities. Then, there exists an isomorphism

CHC"(X,m) = Hy ™™ (X, Q(r)),
where Hj%f_m(X, Q(r)) is Friedlander- Voevodsky motivic cohomology.

The reason for this isomorphism is that for smooth varieties, there is
a quasi-isomorphism Z5F (r)[2r] — Z7(— x A", e) of complexes of Zariski
sheaves between Suslin-Friedlander complex and Bloch’s cycle complex, see
[MVWO06, Theo. 19.8], and using spectral sequences and cdh-descent for
motivic cohomology.

0.7 A regulator morphism for Hanamura’s motivic cohomology.
As noted by Kerr and Lewis, the regulator morphism admits an extension
to Hanamura groups for an arbitrary variety. The model given by the cy-
cle class morphism for a normal crossing divisor, allows to extend the gen-
eral construction of the regulator morphism from Hanamura’s cohomological
Chow groups (motivic cohomology) to absolute Hodge cohomology:

Theorem 0.0.4 There is a morphism of (double) complexes in the derived
category ZP4(r) — HPY(r) given by the KLM-formula, with a morphism
of total complexes Z"(Xe¢)* — Hx,(r). This requlator morphism induces a
cycle-class morphism on the total cohomologies

H (X, Q(r) & CHCT (X, %) — H2 (X, Q(r)).

Such a morphism coincides, when X is smooth, with the KLM-requlator.
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The main idea is to use a cubical hyperresolution X, — X to define the
complexes that give us both cohomologies, and then use the KLM formula in
the smooth case. This morphism generalizes the Bloch cycle-class morphism.

Outline of the work

In the first chapter, we give an overview of the cohomological machinery, nec-
essary for the following chapters. We recall the notion of spectral sequences,
important to define a mixed Hodge structure on a complex algebraic variety.
We also review the definitions of Deligne cohomology and homology, impor-
tant for defining the regulator morphism and the Abel-Jacobi morphism.

In Chapter 2, we recall the construction of the Abel-Jacobi morphism
(KLM-formula). This is a morphism form higher Chow groups (motivic co-
homology) to Deligne cohomology, in the smooth and projective case. This is
a morphism from higher Chow groups to Deligne cohomology, given in terms
of an explicit morphism between complexes that define such cohomologies.
In the smooth and quasi-projective case, we substitute the Deligne cohomol-
ogy with the absolute Hodge cohomology.

In the chapter 3, we review two definitions of motivic cohomology for
singular varieties. The first, Hanamura’s motivic cohomology, given in terms
of cubical hyperresolutions. The other, Friedlander-Voevodsky motivic co-
homology, given as a cdh-cohomology. Using the descent criterion for the
cdh-topology and induction in the length of the cubical hyperresolution, we
establish an isomorphism of comparison between such cohomologies.

In the chapter 4, we define the mixed Hodge complex associate to a sin-
gular quasi-projective variety, and then we consider its associated absolute
Hodge cohomology. In this case, the regulator morphism is given in terms of
the complexes that define the cohomology groups. The theorem (4.3.1) gives
a morphism between spectral sequences, this is the regulator morphism in
the singular case.

In the last chapter, we give some calculations of motivic cohomology
using Hanamura’s technique, for some special cases.
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Chapter 1
Cohomological preliminaries

Let A be an abelian category. A (cohomological) complex is a sequence of
objects A’ € A together with differentials d*: A — A**! such that the com-
position d"t! od’ = 0 for all i € Z. The category of complexes is denoted
by C(A). We write Ct(A), C~(A) and Cb(A) for the full subcategories
of complexes bounded below, bounded above and bounded respectively. If
A® € C(A) is a complex, we define the shifted complex A®[¢q] with

Ag) = AT and dlyy = (—1)9d

If f: (A®,d) — (B®,d) is a morphism of complexes, the cone complex is
defined by the formula

Cone(A*® ER B*) := A*[1] @ B®,
together with the differentials
d%one(f): AFt g Bt - A2 g Bitl
(a,b) — (—dy'a), f(a) + di5(b)).
This gives a short exact sequence
0 — B®* — Cone®(f) — A*[1] — 0.

Denote by K(A) the corresponding homotopy category where the ob-
jects are the same and the morphisms are homotopy classes of morphisms
of complexes. This category is always triangulated with translation func-

tor [1]: K(A) — K(A), and the class of distinguished triangles are those
homotopy equivalent to the standard distinguished triangle

A5 B Cone®(f) — A*[1]

1



2 The total complex and filtrations

for some morphism of complexes f. Let D(A) be the induced derived cat-
egory, where the objects are the same as in K(A) and morphisms are ob-
tained by localising K(A) with respect to the class of quasi-isomorphisms!.
The derived category is also triangulated where the class of distinguished

triangles are those isomorphic in D(A) to a distinguished triangle in K(A).

1.1. The total complex and filtrations

Let A be an additive category. A double complex (A%*,d*,dy*) € C(A)
is a diagram of objects AP € A for p,q € Z with two differentials

dve: AP Aptla and dbd: AP APatl

where (A*9,d}?) and (AP, d5*) are complexes, and the squares

commute for all p,q € Z, i.e. dgﬂ’q ody? = d%qﬂ o db? (there is an-
other version of the double complex with the property that squares are
anti-commutative, i.e. dgﬂ’q od + d’f’qH ody? =0, in some contexts this
convention is better, as we will see below). The associated total complex
(or simple complex) Tot(A**) is defined as

Tot(A**)" = @ AP4 and Tot(Ase) = Z (&5 + (—1)9db9).
ptq=n p+qg=n

In an abelian category A, a morphism of complexes f*: A®* — B® is called quasi-
isomorphism if HI(f): H(A®*) — H?(B®) is an isomorphism for all ¢ € Z.
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In this case, we have the identity d’%;"tl od,, = 0. For a triple complex A***
the associated total complex is the complex with terms

Tot(A.7.7.)n — @ Ap7q7r
ptg+r=n

with differential

Bopasnmy = O (97 + (=1)Pd5"" + (1) Hdg).
ptqt+r=n

With this definition, it is easy to see that:
Tot(A***) = Tot(Tot1 2(A***)) = Tot(Toto,3(A%**)).

This means that we can either first combine the first two variables and then
combine the sum of those with the last, or we can first combine the last two
variables and then combine the first with the sum of the last two.

Example 1.1.1 The construction of the cone complex is a special case of
the total complex of a double complex given by a morphism of complexes.
Let h: A* — B*® be a morphism, we define the double complex C**® by

B — c%0). poO) ____ . pLO) ____, B20) ., ..

hT h-,711\ hO,flT h1,711\ h2,711\

A. — C.v(_l): on(_l) _— Al’(_l) _— A27(_1) _ ..
Then, the cone complex of h is Cone®(h) = Tot(C**).

Notation. For simplicity, we will use s(A**) to denote the total complex
(or simple complex) of A**, instead of Tot(A®**).

1.1.2 Let A® be a complex in an additive category A:

1. The trivial filtration c2PA® is a decreasing filtration given by
0ZPA® = AP = {0 =0 — - =0 AP - APTL ..}

The quotient A®/a=PA® is given by

U<pA.::A.<p::{"'_>Ap_2—>Ap_1—>O—)O—)---}.



4 Spectral sequences of filtered complexes

The p-graded piece is Grf A®* = AP[—p] in degree p and zero elsewhere.

2. The canonical filtration 7<,A® is an increasing filtration
TepA® = { = AP 5 APTY S ker(dP) = 0 — -}
such that the quotient A®/7<,A® is given by
TopA® = { - = 0 — AP/ker(dP) — APT! 5 ...},
The p-graded piece of the filtration is the complex
T<pA® [T<p 1A% = {0 — AP7! Jker(dP') — ker(dF) — 0}

quasi-isomorphic to the complex HP(A*®) in degree p, i.e. Gr, A®* = HP(A®)[—p].

1.2. Spectral sequences of filtered complexes

In order to construct spectral sequences, filtrations on complexes are impor-
tant. Spectral sequences are a powerful tool for working with cohomology.
This technique permits to endow with a mixed Hodge structure the coho-
mology groups, such that each page carries a natural pure Hodge structure
of certain weight and all diferentials between pages are morphisms of Hodge
structures [Hodgell], [GHT78]. Let A be an abelian category.

Definition 1.2.1 Let (A°,d) = {A° SN NP LR .-+ } be a bounded
complex in A. A decreasing filtered complex?, is a family of subcom-
plexes of (A°®,d) denoted by:

A*=FYA°* > F'A* 5 ... > FNA® o FNTLA° = (0L
The associated graded complex to a filtered complex (F”A®,d) is:
FYA®
GrrA® =P CrrA* =P 7

FV+1A0
v>0 v>0

with the induced differentials. The filtration F¥ also induces a filtration
FYH*(A®) on the cohomology via:

FYHP(A®) = FYAY o/ FYndAP™.

In the same way, a increasing filtration W, on A® is a family of subcomplexes of
A® with - C W1 A* C W, A®* C W1 A® C ---. We use the notation F'* for decreasing
filtrations, and W, for increasing filtrations.
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This gives
HP(A®) = FVHP(A®) D F'HP(A®) D --- D FYHP(A®) D F*T HP(A%) O -
The associated graded cohomology is

GrpH*(A®) = €P GrivH?(A*) = P m.

v,p=>0 v,p=>0

Denote by CT(FA) the category of bounded below filtered complexes on
A. An object in this category is of the form (A®, F') with F a filtration on
A®, and a morphism of filtered complexes f: (A*, F) — (B*, F) is a
morphism of complexes f: A®* — B*® such that f(FPA®) C FPB®. If F is a
decreasing filtration (resp. W an increasing filtration), a shifted filtration
F[n] by an integer n is defined as

(F[n])PA = FPT" A, (Wn])pA = W,_nA.

To define spectral sequences we consider decreasing filtrations; statements
for increasing filtrations are deduced by the change of indices W, := F°.
We say that a filtration is finite if there exist integers m > n with F™ =0
and F" = A®. The filtration F'* is biregular if it is a finite filtration on
each component of A®. The filtrations that we will consider will always
be biregular. Given a filtered complex, the filtrations give us a way to
approximate its cohomology. The principal aim of spectral sequences is to
compute Gri. H*(A®).

Definition 1.2.2 A spectral sequence is a sequence {E,,d,},>o of bi-
graded groups

together with differentials
dy: BP9 — Errra-rtl o gptra=rtl o ghd —
such that H*(E,) = E,41.

Proposition 1.2.3 ([GHT78]) Let (A®,d,F*) be a filtered complex. Then
there exists a spectral sequence {E,} with

FP AP+4
Pq — p+q
E” = Frtlgrte Grip A",
EPT = HPTI(GrhA®),

EPS = Gib(HP(AT)).



6 Spectral sequences of filtered complexes

The last statement is usually written: EP? = HPTI(A®), and we say that
the spectral sequence converges to H*(A®).

Proof. The E'? term has been defined:

pa-1 _ B pg %" P,q+1

4 ) )

EO EO EO
FpPAPt+q—1 d . FPArta d . FPAptatl

Fr+TAp+a—T " FprFtIAp+q " FpFIApFatI

where dj is induced by d. By definition, E{"? is the cohomology of Ef%:

pra_ Ker(d)®) _ {a€ FPAPH | d(a) € FPIAPTIT)
P Im(a@hy d(FP Ar+a=1) + FrHl Arta
FPA*
— ptq [ T4
= H (FPHA-)
= HPI(GIhA®).

The differentials in the E*? term are given by

Ep—l,q {a€ FP~1APta—1 | g(a)c FP APT9}
1 T T {d(FP-TAPFO-2)} FPAPTI-T}

-1,
Jd’l’ a ld

Ep’q {a€FP APt | d(a)eFP+1AP+q+1}
| {d(FrAP+ta—1)f FpFT Ap+a}

ldllhq ld

| D e — {a€FPHL AP+t | d(q)eFPt2 Aptat2)
! {d(FPFTAPFa) L P2 ApFatly

Then, the term E? is:

ppa . Ker(d") _ {a€ FPAPT? | d(a) € FPP2APYIT!)
2 - Im(dzlj—l,q) d(prlAp%*qfl) + Fp+1 Ap+q

In general, we define the term EF? with its differential:

Ep’q L {aeFPAPJrq | d(a)er+rAp+q+1}
T d(Fp—r+lAp+q—l)+Fp+1Ap+q

ldfyq

Ep+T’q_T+1 L {aepm—rAzH—tH—l | d(a)€Fp+2r+1Ap+q+2}
r T d(FpAp+q)+Fp+r+1Ap+q+1 .
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For r sufficiently large

{a € FPAPTY | d(a) = 0}

Pad — Fpa
Bt =By d(APTa—1) 4 Fptl Aptq
_ FPHPTI(A®)
o Fr+lfpta( A®)
— GILHPY(AY),
A similar computation gives us that H*(E}9) = EPY. O

Remark 1.2.4 The sum of F,’s is commonly called the r-th page. Then,
each d, is a morphism on the r-th page of the spectral sequence. Although
in this work we always consider spectral sequences of (filtered) complexes,
all the definitions make sense in any abelian category.

Example 1.2.5 One of the principal examples is the spectral sequence as-
sociated to a (bounded) double complex

A% = P AP, d: APT 5 APYR 5 AP 5 APOTL

p,q>0

with d? = 62 = 0 and dd + dd = 0 (a double complex with anticommutative
squares). For simplicity suppose that A** is first quadrant, i.e. A”? =0 for
p < 0 or g < 0. The associated total complex is

s(A**)"= P A7, D=d+d.
ptg=n

There are two descending filtrations on (sA®*, D) given by

'FVSA™ = @ AP
p+q=n,p>v

"EVSA™ = @ AP,
p+q=n,q>v

These filtrations define two spectral sequences:
'EPY = HE Y (sA%)

"B, = HPFI(sA®®).
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For the first one

>~ Apvq

: +1,g—1
. AP @ APHLa—1 gy ...
0 APTLa—1 ¢ Ap+2,4-2 ...

with differential dy induced by D = d + §. In this case, dg = 0 and
'EPT = HYF(Grl s A™®) = Hi(AP®),

the differential d; comes from D = d+ 6 on’FE;. In this case, d = d; beacuse
0 =0 on 'E; and we have:

/Equ _ H*(/E{J,q’dl) [aY] Hg(Hg(A.’.))

In the same way, we have that "E5? = HY (H%(A**)). In summary, there are
two spectral sequences associated to a double complex which both converge
to the cohomology of the total complex.

1.2.6 The décalage filtration. Let f: (A*, F) — (B*, F’) be a mor-
phism of filtered complexes. It induces a morphism of complexes between
associated grades Gr(f): GrpA®* — GrpB®, and induces a morphism be-
tween associated spectral sequences

fri By (F) — E.(F).

We say that f is a filtered quasi-isomorphism if f, are isomorphisms
for r > 1. In order to endow the cohomology of a mixed Hodge complex
with a mixed Hodge structure, Deligne introduced the décalage functor in
[Hodgell]:

Definition 1.2.7 Let (A®,W,) be a filtered complex. The décalage fil-
tration is a functor Dec: CT(FA) — CT(FA) defined by

da Am+1

mo,__ m

(Dec W)ZA = ker{Wg_mA — W}

Theorem 1.2.8 ([Hodgell, Prop. 1.3.4]) The canonical morphisms
EYY(Dec W) — EPT7P(W)

are quasi-isomorphisms of bigraded complexes. The induced morphisms

EP4(Dec W) — EZ2T07P(W)

are isomorphisms for r > 1.
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1.3. Formal aspects of Mixed Hodge Structures

We give a brief overview of Hodge structures. We start with a quick review
of the notions of pure Hodge structures and mixed Hodge structures. The
Deligne’s theorem asserts the existence of a functorial mixed Hodge struc-
ture on the cohomology of an arbitrary complex algebraic variety [Hodgel],
[Hodgell] and [Hodgelll]. Also we review some results on extensions of
mixed Hodge structures [PS08|.

Definition 1.3.1 Let A C R be a subring. A pure A-Hodge structure
of weight ¢ consists of a finitely generated A-module H with a direct sum
decomposition, called the Hodge decomposition

He:=H®,C= @ H", with HPI=H",
ptq=¢

Equivalently, Hc admits a decreasing filtration F'*, the Hodge filtration
such that

Hc = F'He @ Fl—r+1H.

The relation is given by

F'He = @ HP9  and HP?= FPH¢ ﬂFqHC.
p+q=£, p>r

Example 1.3.2 Let X be a smooth, projective variety over C. The proto-
type of a pure Hodge structure of weight ¢, is the ¢-th cohomology group
H (X,Z). In this case, we have the Hodge decomposition theorem:

Hfr(X,C)=  HM(X).
p+q=¢

This construction gives a functor:
H*: SmProj(C) — HS
where SmProj(C) is the category of smooth, projective varieties over C.

Example 1.3.3 The Hodge structure of Tate type Q(r) := (27:)"Q is
a Q-Hodge structure of weight —2r and of pure Hodge type (—r, —7), the
decomposition is given by C = C™"~". The Lefschetz structure is Q(—1).
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Example 1.3.4 Let X be a smooth, projective variety over C. The r-th
Tate twist of H*(X,Q) is defined as

H'(X,Q(r)) := H'(X,Q) ® Q(r),
this is a Q-Hodge structure of weight ¢ — 2r.

A graded pure Hodge structure is a finite direct sum of pure Hodge
structures, possibly of different weights. A morphism of Hodge struc-
tures f: V — W is a Q-linear map which induces fc: Vo — W having
the property that it preserves type, i.e. fc(VP?) C WP for all p and gq.
The category of pure Hodge structures admits direct sums, tensor products,
Hom’s and duals. The category of Hodge structures is an abelian category
which we denote by HS [PS08]. In general, the category HS is not semi-
simple; this is remedied if we restrict ourselves to Hodge structures that
admit a polarization.

Definition 1.3.5 Let H be a Hodge structure of weight £. A polarization
of H is a nonsingular, bilinear form S: Hc ® Hg — C wich is defined over
Q, such that:

i) S(z.y) = (-1)'S(y. ).
ii) S(HP9, H™®) =0 unless p=s,q =1.
iii) *~4S(z,7) is a hermitian positive-definite bilinear form on HP4.

A Hodge structure that admits a polarization is said to be polarizable.
The cohomology groups of non-singular and projective complex varieties
are endowed with polarizable Hodge structures. The category of polarizable
Hodge structures is semi-simple [PS08, Cor. 2.12].

To extend these ideas to quasi-projective and singular varieties, we give
the main definition of this section, that of a mixed Hodge structure.

Definition 1.3.6 An A-mixed Hodge structure consists of the following:
— a finitely generated A-module Hy,

— a finite increasing filtration Wy on Hy ® Q := Hy ®z Q, called the
weight filtration,

— a finite descending filtration F'* on Hc := Hp ® C, called the Hodge
filtration,
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such that {F7} induces a (pure) HS of weight £ on Gr}’ := W,/W,_1, i.e.
the graged piece GrXVHA ® Q with the filtration FTGrZV@CHC is in HS ().

A morphism of mixed Hodge structures is a morphism f: H — H’
that tensored with Q, is compatible with the weight filtration W,, and when
is tensored with C, is compatible with the Hodge filtration F*. We denote
the category of mixed Hodge structures by MHS. The category of mixed
Hodge structures has natural direct sums, tensor products, duals and in-
ternal Hom’s. This makes the category MHS abelian and rigid [Hodgell,
Theo. 2.3.5]. For any morphism f: H — H' of MHS, we have an in-
duced morphism Grgv( f) of pure Hodge structures of weight ¢. The functor
Grgvz MHS — HSy) is exact. We say that a mixed Hodge structure H is
polarizable if each of the graded pieces GrgVH is pure polarizable.

A fundamental result of Deligne [Hodgell, Hodgelll], shows that for
any complex variety X, the cohomology HY(X,Z) carries a canonical and

functorial mixed Hodge structure. This is the main theorem on the existence
of MHS:

Theorem 1.3.7 [Hodgell, Hodgelll] Let X be a complex algebraic variety
and Y C X a closed subvariety (possibly empty). Then H*(X,Y) has a
mized Hodge structure which is functorial in the sense that if f: (X,Y) —
(X', Y") is a morphism of pairs, the induced morphism f*: H (X', Y') —
HY(X, Y) is a morphism of mized Hodge structures. Moreover, if X is
smooth and projective, the corresponding mized Hodge structure on H*(X)
1s the classical pure Hodge structure of weight £.

The Hodge filtration F'* on the cohomology H™ (X, C) satifies
H™(X,C)=F°>...> Fmtl =,

Moreover, for m > d = dimc(X) we also have that F4+! = 0.

Weights on cohomology. According to Deligne’s Theorem (1.3.7), for
a quasi-projective X, there is a functorial increasing filtration W, on the
rational cohomology H™(X,Q), the weight filtration:

0=W_1H™(X) C WoH™(X) C --- C Wa, H™(X) = H™(X).

This filtration relates the cohomology of the variety with cohomologies of
smooth, projective varieties via the quotients

Gr)V H™(X) := W,H™(X)/W,_1H™(X)
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where for each £, the graded piece has a pure Hodge structure of weight /.
This weight filtration has the following presentation [Dur83|:

— For X smooth and projective, the weight is pure

0=Wn_1H™(X,Q) C W H™(X,Q) = H™(X, Q).

— If X is smooth (but possibly not complete), let j: X < X be a smooth

compactification of X, such that D = X — X is a normal crossing
divisor. For all m > 0, then W,,_1H™(X,Q) = 0, the weights on
H™(X,Q) are > m. Moreover

W H™(X,Q) =Im(j*: H™(X,Q) - H™(X,Q)).
In general, the weight filtration satisfies:

0C Wy, H™(X,Q) C - C Wam H™(X,Q) = H™(X,Q).

— For a singular and projective complex algebraic variety X of dimension
d, consider its cubical hyperresolution X, — X, where X, is smooth,
projective and dim(X,) < d — |a| + 1 [GNPPS88]. This gives a weight
spectral sequence:

EM(X)= P H(Xa,Q)= H"(X,Q).
|al=p+1

The weight filtration is given by a shift of the filtration induced on
H*(X,Q) by the weight spectral sequence. For all m > 0 it satisfies

0C WoH™(X,Q) C --- C W H™(X,Q) = H™(X, Q).

— Let X be a complex variety. Let j: X < X be a compactification of
X. Consider a hyperresolution of a pair (X,, Xo) — (X, X) such that
D, = X, — X, is a normal crossing divisor for each «. Then

EPI(X) = @@ BT (x,) = HITP(X, Q).

Example 1.3.8 Let C be a connected compact Riemann surface of genus
g, and ¥ = {p1,...,pm} C C a finite set of points. Consider the smooth,
open surface C := C — . Then H'(C,Z) carries a natural Z-MHS. The
Hodge filtration on H'(C,Z(1)) is defined in terms of a filtered complex
of holomorphic differentials on C' with logarithmic poles along 3 [Hodgell,
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Hodgelll]. Poincaré duality gives us Hy(C,Z) = Hi(2,Z) = 0 and we have

an exact sequence:
0— HY(C,z) - H'(C,Z) — H&(C,Z) = 7™ —
— H*(C,Z) =7 — H*(C,Z) = 0.
This sequence induces a short exact sequence of mixed Hodge structures:
0— HY(C,z) - H'(C,Z) — Ker(HE(C,Z) — H*(C,Z)) 2 Z™ ' — 0.
The weights are given by: WoH(C,Z) = H*(C, Z),
WiH'Y(C,Z) =Im(H'(C,Z) - H'(C,Z2)) = H'(C,Z) = 7%,

and WoH'(C,Z) = 0. Then, the graded piece Gry = HY(C,Z) = 2™ !
with pure weight 2. Furthermore, Gr}¥ = H(C, 7).

Example 1.3.9 Let X = {(z¢,21,22) € P4 | 2§ + 27 = xox123} be the
nodal cubic. This is a complex projective curve with Xgne = {[0:0: 1]} =p
the singular locus. A cubical resolution of X is given by the diagram

{p1,p2} <—>“ P!
\—7
|
{r} <—>@ X

Then we have an exact sequence on cohomology:
0— HYX,Z) - H'(P' U {p},Z) — H°({p1,p2},Z) — H'(X,Z)
— HY (P, Z) —» H' ({p1,p2},Z) — H*(X,Z) — H*(P',Z) = 0.
Then H?(X,7Z) = H?(P',7Z), and the exact sequence becomes
02Z =2 7% 57 -0—-0—-2Z—7Z—0.

All cohomologies are of pure weight except H'(X,Z). Taking the sequence
induced by the graded piece Grgv:

07— 7% - 7% - WoHY(X,Z) — 0

we observe that WoH'(X,Z) has rank 1, so Gryy H'(X,Z) = Z. By the
exact sequence that induces Gr}’, we can see that Wi H'(X,Z) = 0 and
GriVHY(X,Z) = 0.
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Extensions of mixed Hodge structures

The category MHS does not have enough injectives, but there is a general
theory due to Verdier-Yoneda for extensions of mixed Hodge structures. In
any abelian category A, with or without enough injectives/projectives, the
following formula provides a definition for the Ext-groups in general [PS08,
Appendix A.2.6]:

Ext™ (A, B) = HOHID+ (A) (A, B[HD,

in terms of Verdier’s derived category of A. This definition extends the clas-
sical notion of Ext in terms of injective resolutions.

1.3.10 Yoneda extensions. Let A, B € A, and n € Z~g. An extension
of degree n of A by B is an exact sequence

E:[0B—-K"—.-.->K'!'5A4-0]

Given two extensions E and E’ of the same degree, we say are congruent
if there is a commutative diagram

0—— B—— K™ K1 A 0
00— B —— K'™" K- —sA—50.

With the Baer sum the equivalence class sets Extyon (A, B) form a group
[PS08, A.2.6].

Proposition 1.3.11 [PS08, Lemma A.32] Let A be an abelian category.
For A, B € A, there are functorial isomorphisms

Extl,,(A, B) — Ext"(A, B) = Homp+ (4)(4, B[n]).
An important result about Ext-groups is the following:

Lemma 1.3.12 [PS08, Lemma A.33] If Ext¥(A, —) is right exact for all
A€ A, then Ext"(A,B) =0 forn>k+1 and all A,B € A.

1.3.13 Extensions of MHS. The category of mixed Hodge structures
is abelian, hence Yoneda Ext-functor gives a form to consider the groups
Extliys(A, B). This is defined for n > 1, for n = 0 we put Ext{jq =
HOHIMHs.
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Carlson’s description. In the category of mixed Hodge structures, one can
explicitly describe the particular case Ext!(A, B), using extensions [Car80].

Definition 1.3.14 Let A and B be two mixed Hodge structures.

i) An extension of MHS is an exact sequence of mixed Hodge struc-
tures ,
0—A—H-"B-—0.

We say that H is an extension of B by A. A section is a morphism
s: B — H, such that m o s = 1p; an extension with section is split.

ii) A morphism of extensions is a commutative diagram

0 A " B 0
I
0 A i B 0.

A congruence of extensions is an isomorphism for which « and 5 are
each the identity.

Remark. Split extensions are congruent to0 - A - A® B — B — 0.

Definition 1.3.15 The set of isomorphisms classes of extensions of B by

A, is denoted by

extensions
Exthyps (B, 4) = 00,
congruence

The group structure is imposed by the Baer summation [PS08, A.30].

Definition 1.3.16 Let H be a mixed Hodge structure. We define

WoHc
J(H) = .
(H) FOWOH((j-i—WoH@
H
JP(H) Waplic

. FpWQPH(C + WQPHQ.

The generalized Jacobian of H.

Given two filtered vector spaces (A, W,) and (B, W,) with increasing
filtrations, then Hom(A, B) has an induced filtration given by

W,Hom(A, B) = {¢: A — B | $(WA) C WysnB}.

Similarly for decreasing filtrations F'®*. The following result on extension of
mixed Hodge structures was proved by Carlson [Car80].
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Theorem 1.3.17 (Carlson) Let A and B be a mized Hodge structure. Then,
there exists the following identification:

WQHOm(A, B)(c
Wy N FOHOIH(A, B)c + WyHom(A, B) ’

Where Hom(A, B) is viewed as a mized Hodge structure.

Ethl\/[HS (A7 B) =

Example 1.3.18 For m < n, the group Ext! (Z(m),Z(n)) is
Ext'(Z(m),Z(n)) = J(Hom(Z(m),Z(n)))
=~ J(Z(n—m)) = C/(2mi)" "L = C*.
Example 1.3.19 For H any mixed Hodge structure

WoHc

1

Example 1.3.20 Let C be a smooth, projective complex curve. H'(C,7Z)
is a pure Hodge structure of weight 1, and there is a natural isomorphism
H'(C,C) H%(C)
Extims (Z(—1), H(C,Z2)) = ’ = :
Ktams (2(-1), H1(C. 7)) HY(C,Z)® FTH'(C,C) ~ HY(C,Z)
This is an abelian variety, called the Jacobian variety of the curve C,
that identifies via the exponential map with Ker[H'(C, 0%) — H?*(C,Z)].
For a finite number of points ¥ = {pi1,...,pm} C C with > p; = 0, the
choice of mixed Hodge estructure on H!(C — 3, 7Z) defines an Abel-Jacobi
morphism on the curve C in terms of classes of extensions of mixed Hodge
structures. In general, if X is a smooth and projective variety, then
H*"1(X,C)
FiH?-1(X,C)+ H2 1(X,Z)

The description of the Abel-Jacobi morphism is given in the next chapter.

Ethl\/[HS (Z(_Q)7 H2q_1(X7 Z))

1

By Carlson’s description of Extll\/[HS, we have that the category of mixed
Hodge structures has cohomological dimension one, i.e. all higher ex-
tensions vanish.

Theorem 1.3.21 For any two mirved Hodge structures A, B, and j > 2.
The functor Extyyg(A, —) is right ezact, and then Ext};4(A4, B) = 0.

Proof. This is consequence of Lemma 1.3.12, and the fact that if H — H’
is a surjective morphism of mixed Hodge structures, then

Ethl\/IHS (Av H) - Ethl\/[HS (A> H/)

is surjective. O



Cohomological preliminaries 17

1.4. Deligne-Beilinson (co)homology

We review the construction of Deligne-Beilinson cohomology and homology.
For further details, see [Jan88] and [EV88]. Let A C R be a subring and
p > 0. We define the Tate twist A(p) := (2mi)PA.

Definition 1.4.1 Let X be a smooth projective complex variety of dimen-
sion d. The p’th Deligne complex A} (p) is the complex

ASY(p): 0= A(p) 5 O0x 5 Q% - - = 8T 50— -

—_.0°*<p
,_QX

in degrees 0 up to p. In this complex, (2% denotes the complex of holomor-
phic differential forms on X (C). The ¢’th Deligne cohomology of X with
coefficients in A(p) is given by the hypercohomology

H (X, A(p)) = HE, (X, A (p)).

Deligne cohomology via a cone complex. Consider again the complex
of holomorphic differential forms €%, and the two subcomplexes

A(p)*:0—=A(p) -0—---
QP 0505008 0% — -

with natural morphisms e: A(p) C C — Q% and ¢: QS(ZP — Q%. Then, the
cone complex

Cone® (A(p) o) Q}ZP R QB() [—1]
is given by:
Alp) = O0x Sy & 4 ar2 O or o or 1y
L@ pR) S Sk oab!) 5ol
There is a natural inclusion of the Deligne complex into this complex
i: A% (p) — Cone®(A(p) ® Q;?p — Q%) [-1].

By the holomorphic Poincaré lemma, this morphism is a quasi-isomorphism.
Thus, we have

HI (X, A(p)) = H(X, Cone(A(p) ® Q" — Q%)[-1]).
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Definition 1.4.2 The product structure on Deligne cohomology comes from
the product on the level of complexes:

U: Ap(p) ® Ap(q) — Ap(p+q)

given by
-y, ifdegz=0
rUy =< xAdy, if degx >0and degy=¢q >0
0, otherwise.

Example 1.4.3 Take A = Z. For p = 0, Deligne cohomology is the sin-
gular cohomology Hi(X,A(0)) = H'(X,A). For p =1, we have a quasi-
isomorphism

exp: Zp(l) — 0% [—1]

via the exponential map. Explicitly, the quasi-isomorphism is given by the
following commutative diagram

0 —— (2mi)Z Ox 0
]
1 y 1 0% 1

Hence, H2(X,Z(1)) & HY(X,0%) = Pic(X). Moreover, we have an exact
sequence:
0 — Pic’(X) — Pic(X) — NS(X) — 0,

where NS(X) is the Neron-Severi group, and Pic?(X) = Jac!(X). In general,
the complex Zp(p) fits into the short exact sequence

0 — Q3F[-1] = Zp(p) = Z(p) = 0
and leads, by the Hodge theory, to the following short exact sequence

H=1(X,C)

FiHI=1(X,C) + H~1(X,Z(q)) — H%(X’Z(Q))

0—>

— FIH(X,C)(H'(X,Z(q)) — 0.

Now, using the interpretation of the Ext-groups for mixed Hodge structures,
we have the exact sequence:



Cohomological preliminaries 19

0 — Extuns (Z, H (X, Z(q)) — H5H (X, Z(q))
— Homwmns (Z, H' (X, Z(q)) — 0.

In particular, the case when i = 2¢ gives us an exact sequence

0 — Jac!(X) — HZ(X,Z(q)) — Hdg(X) — 0.

Deligne cycle-class morphism.

Let X be a smooth, projective variety over C. Denote by Z9(X) the group
of algebraic cycles on X of codimension q.

Theorem 1.4.4 There exists a morphism
clp: 29(X) — HY (X, Z(q)).

Moreover, this morphism factor through CH?(X), and we have the following
commutative diagram:

0 — CH{ _(X) —— CHYX

o] | \

0 — Jac!(X) —— HA(X,Z(g)) — Hdg?(X) — 0

where CH{ (X)) C CHY(X) are the cycles classes homologically equivalent
to zero.

A brief description of the cycle-class morphism and the Abel-Jacobi mor-
phism in the case of classical Chow groups, will be given in the next chapter
(Section 2.1). The Deligne cohomology admits an extension to an arbitrary
(possibly non-compact or singular) algebraic variety X over C.

1.4.5 Let X be a smooth, quasi-projective complex algebraic variety. A
compactification for X is a birational inclusion j: X — X of X as a
Zariski open of a smooth projective variety X [Nag62], such that the comple-
ment D := X \ X is a normal crossing divisor [Hir64]. Denote by Q%(log D)
the complex of meromorphic forms on X, holomorphic on X, with at most
logarithmic poles along D.
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Definition 1.4.6 The Deligne-Beilinson complex is given by
bs(p) == Cone(Rj.A(p) ® FPQ5-(logD) — Rj.Q%)[—1].

The Deligne-Beilinson cohomology of X with coefficients in A(p) is
defined as anaytic hypercohomology

Hiyp (X, Z(p)) := Hy (X, Ay (p))-

We can show that this is independent of the compactification [EV88,
Lemma 2.8]. The Deligne-Beilinson cohomology can be extended to the
case of a smooth simplicial scheme X,, by considering the corresponding
complex over each component X,,. For a singular variety X, a semi-simplicial
hyperresolution X, — X is a semi-simplicial scheme X, with projective and
smooth components X, together with a morphism to X which satisfies
cohomological descent [GNPP88]. The Deligne cohomology is given by

HE (X, A(p)) == Hi, (Xo, A (p))

where Aqp(p) is considered as a complex of analytic sheaves on X,. This
definition is independent of choice of hyperresolution [Jan88]. For a non-
compact case, we use a “simplicial compactification” X, < X,, where each
X, = X, is a good compactification, such that D, = X, \ X, is again a
normal crossing divisor. We may compute the Deligne-Beilinson complex
Apg(p) on X,, and we can arrange these complexes to be functorial with
respect to the face maps of X,. Then the Deligne-Beilinson complexes on
the Yp organize into a simplicial complex over the simplicial scheme X,.
Taking cohomology, we obtain the Deligne-Beilinson cohomology

Hypp (X, A(r)) == H"(Xe, Apg (7).
This is independent of the choice of the compactification [Jan88].

1.4.7 Deligne homology. In order to have Poincaré duality, the Deligne
homology is constructed, this is a counterpart of Deligne-Beilinson coho-
mology. The construction is based on currents and C*°-chains. For the
definition, we need to introduce some notation [Jan88|:

i) Let Q%% be the sheaf of (p, ¢)-forms on X. Denote by DX, the sheaf
of currents acting on Q;ﬁ;—q. Thus for an open set U C X, we have

DI, (U) := {continuous linear functionals on T'.(U, Q2 9)}.
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ii) Sheaves @;(Zo and Q;(Zo naturally form double complexes. Denote
by D%« and Q% the corresponding total complexes. We have two
Hodge filtrations

Fi%e = P KL, Fdie= H DEL.

p+g=n,p>1 p+q=n,p>1

iii) Consider (Co(X,A(r)),d) the complex of singular C*-chains on X
with coefficients in A(r). Define the change of index by C3%* := C, x.
There is a morphism

e: C*(X,A(r)) = Dk
given by integrations over chains.

Definition 1.4.8 The Deligne homology H? (X,A(r)) is given by the
cohomology of the complex

Cone(C*(X, A(r)) & Fr DY (X) <5 D% (X))[-1].

Deligne homology admits an extension to smooth quasi-projective va-
rieties, by considering compactifications and logarithmic singularities. For
singular varieties, X can be replaced by a simplicial variety with smooth
components X,. Then we can take a good simplicial compactification X,
and Y, = X, — X, a simplicial normal crossing divisor, so that technique of
logarithmic singularities applies [Jan88].

1.5. Appendix: Hypercohomology

The notion of hypercohomology is widely used throughout this work, so
in this small appendix we will give its definition. Hypercohomology is a
generalization of sheaf cohomology. Among other things, the definition of
Deligne-Beilinson cohomology, absolute Hodge cohomology, motivic coho-
mology are given in terms of hypercohomology.

1.5.1. Let X be a topological space. Denote by Sh(X) the abelian category
of sheaves of abelian groups on X, and by I'(X, —): Sh(X) — Ab the global
section functor. The category Sh(X) has enough injectives.

Definition 1.5.1 Let F* be a bounded below complex of sheaves on X. For
1 > 0, we define the hypercohomology of the complex F* as

H'(X,5°) := R'T(X,F*) = H (Tot(I'(X,7%*))),
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where F* — J**® is an injective resolution. This construction defines a
functor

H'(X,—): C*(Sh(X)) — Ab.

We can also use this for a single sheaf F viewed as a complex in degree 0, and
we write H(X,J) instead of H(X, ) . In fact, we have a hypercomology
spectral sequence

EPY = HP(X,H(F*)) = HPTI(X, F*).
Corollary 1.5.2 If f: A} — AS is a quasi-isomorphism, then
F(f): H'(F(A})) — H'(F(A3))

18 an tsomorphism on hypercohomology groups.



Chapter 2
The Abel-Jacobi morphism for Bloch’s higher Chow
groups

The main purpose of this chapter is to collect the principal tools to establish
the KLM-formula [KLMO06, KLO7]. For this, we start with the classical case
of Riemann surfaces, where the Abel-Jacobi morphism is given in terms of
integrals to the Jacobian. In varieties of higher dimension, this is a morphism
from cycles homologous to zero to Griffiths’s intermediate Jacobian.

2.1. The classical case

Let X be a smooth, projective complex curve of genus g. Then, H!(X,Z) de-
fines a pure Hodge structure of weight 1, so H(X,C) = H*}(X)® H'Y(X)
with FO = H1(X,C) D> F! = H'9(X). The Jacobian of X is given by

H'(X,C) N HO(X,Qx)Y

JaC(X) = F1H1(X,(C)+H1(X’Z) N Hl(sz) 7

wich is an abelian variety. Let o = Zé:l nia; € CHY(X) be a non-trivial
divisor with degree ), n; = 0. The classical way to compute the Abel-
Jacobi morphism is: Choose a continuous chain « such that () = a and
a basis wi, ... ,wy of holomorphic 1-forms on X. Then the vector of periods

([ [ )

defines the Abel-Jacobi class. In this case, the Abel-Jacobi morphism
AJY: CHY(X) deg 0 — Jac(X)

gives an isomorphism. Via Carlson’s extensions [Car80], we have another
aproximation. Consider the exact cohomology sequence with support on

23
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|a]. Observe that H\1a|(X7 Z) = Hi(|a|,Z) = 0, then we have a sequence of
mixed Hodge structures (MHS):

0 — HYX) — HYX — |a]) —— Hﬁa‘(X) —— H3(X)

| Lok

H!, @, Z(—1) —= 7(-1).

The cycle a defines a non-zero class in H‘Qa |(X, 7Z) mapping to zero in
H?(X,Z). Via pullback, we obtain another short exact sequence of MHS:

0— HY(X) — E — Z(-1) — 0.
Then, the Abel-Jacobi class of « is an extension class of this sequence in
the category MHS, {E} € Ext}us(Z(—1), H'(X,Z)). The construction of
Abel-Jacobi for curves can be generalized to any smooth, projective variety
X over C, and a € CH?(X) an algebraic cycle which is homologous to zero.
Then a = 9(v), for some v a 2d — 2¢ + 1 real dimensional chain in X. The
general Abel-Jacobi morphism is
AJ?: CHY( X )phom — Jac!(X)
in Griffiths’ intermediate Jacobian, wich is a complex torus defined as
H?~1(X,C)

FiH?a—1 + H2-1(X,7Z)
Fd—q+1H2d—2q+1(X)V

Hag 2411(X,Z)

Let {w} € Fd-a+lg2d=2a+1(X C). The Abel-Jacobi class is given by

AJ()({w}) = (ml)dq / w / {periods}.
Y

On the other hand, as in the example of curves, the cycle o defines an
extension of MHS:

0— H**YX)— E —Z(—q) — 0

and we have a class {E} € BExtyug(Z(—q), H*1(X,Z)) = Jac!(X), see
[Car80]. Hence a reformulated Abel-Jacobi morphism

AJ9: CHY(X )hom — Extys (Z(—q), H* (X, Z)).

Jac!(X) = J(H*T (X))

>~

This result can be generelised to Bloch’s higher Chow groups [Blo86a], wich is
motivic cohomology in the smooth case (2.2.9), but a Borel-Moore homology
theory in the general case.
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2.2. Bloch’s higher Chow groups

Cycle complexes. We consider equidimensional and reduced quasi-projective
varieties over a field k. In this work, we define the cubical version of the
theory of higher Chow groups [Blo86al, [Lev94]. Let k be a field. We con-
sider the algebraic cube 0! := P} — {1} and 0" = (O')" with coordinates
(t1,...,t,). Codimension one faces on (1" are obtained by setting ¢; = 0, co.
Intersecting these faces gives us higher codimension faces. Let C"(X,n) be
the free abelian group generated by subvarieties of X x [0 of codimension

r and meeting all the faces of the cubes properly. There is a map:

n

On =Y (=1)'(07° = 8)),

i=1

where 92° (respectively 8?) is the pull-back to the face t; = oo (respectively
t; = 0). The map 0, satisfies 9,100, = 0, effectively making (C”" (X,n), 8n)
a complex. Let D"(X,n) be the subgroup of C"(X,n) generated by cycles
which are the pull-back of some cycle on X x O0"! via a projection of the
form 0" — O : (t1,...,tn) = (t1,... .15, ..., t,). We call such cycles de-
generate cycles. Then {D%(X,n),d,} is a subcomplex of {(C"(X,n), 0}
Taking the quotient Z"(X, o) := C"(X,e)/D"(X,e), we have the complex

2'(X,e): - —2"(X,n+1) — 2" (X,n) — 2" (X,n—-1) — ---
called Bloch’s cycle complex of X in codimension r.

Definition 2.2.1 The higher Chow groups are the homology groups of
the cycle complex:
CH"(X,n) := H,(2"(X,e)).

Note that CH"(X,0) = CH"(X), the classical Chow group of codimension r
cycles on X modulo rational equivalence [Ful84]

D xS x-S (X)) — o

the image of & = 0y — 0% is exactly the cycles rationally equivalent to
zero, and CH"(X) is the cokernel. For an equi-dimensional variety X we set
24(X, ) = 24m X=5(X ‘a). For codimension reasons, these groups vanish:
CH"(X,n) =0 for r > n + dim(X).

2.2.2 Formal properties. We give a list of fundamental properties of
CH*(X, —), see [Blo86a], [Blo86b] and [Lev94].
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Funtoriality. Let f: X — Y be a morphism of k-varieties. If f is

proper, we have an induced push-forward morphism of cycle complexes
fer Zp(X,0) = Z,(Y,e). If f is flat, the pull-back (contravariant) of
cycle gives the morphism of complexes f*: Z"(Y,8) — Z"(X, o).

Products. If X is smooth, quasi-projective and equidimensional, we
have the “internal” intersection product

CHP(X,m) x CHY(X,n) — CHPYY(X,m + n).

Homotopy invariance. If X is equidimensional, we have

CH*(X,n) = CH*(X x Al,n).

Projection formula. Let f: X — Y be a proper morphism of
smooth schemes over k, « € CH*(X,-) and 8 € CH*(Y,-). Then

Projective bundle formula. Let X be a smooth and quasi-projective
variety. If € is a vector bundle of rank n+1 over X with P(€) — X its
projectivization, then CH*(P(€), —) is a free CH* (X, —)-module with
generators 1,&,...,£", where £ = c1(Op(e)(1)) € CHY(P(&)).

Localization. If Z C X a closed subvariety of pure codimension d,
with X quasi-projective, then the diagram of complex with natural
maps

2NZ,) — (X)) — 2" (X \ Z,")

can be extended to a distinguished triangle in the derived category,
giving rise to the long exact localization sequence:

— CH"%(Z,n) - CH"(X,n) — CH"(X\Z,n) = CH"~%(Z,n—1) — .

The localization property of cycle complexes gives us a blow-up formula

Theorem 2.2.3 Consider the Cartesian square

W ——V

)

U—*t.Xx
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where p is proper, i is a closed inmersion, and p induces an isomorphism
(V—W) — (X —U). Then there is a distinguished triangle of the form

2, (W, 0) — 2,.(V, 0) @ 2, (U, 8) —> 2,.(X, o)

in the derived category of abelian groups.

Example 2.2.4 For X smooth and irreducible, in codimension one S. Bloch
[Blo86a] shows that:

Pic(X), n=0
CH'(X,n)={ T(X,0%), n=1
0, n > 1.

Example 2.2.5 If X = Spec(k) for a field k, by the work of Nesterenko-
Suslin [NS89] and Totaro [Tot92], CH"(k,n) = KM (k) are the Milnor K-
groups.

Example 2.2.6 For n = 1, any cycle CH"(X, 1) can be written as a finite
sum »_,(fi, D;) where codimx (D;) = r—1, f; € C(D;)*, and ) div(f;) = 0.

Remark 2.2.7 The original construction by Bloch uses simplicial chains
instead of cubical ones, in this case the role of the algebraic n-cube " is
played by the algebraic simplex A™ = Spec klto,...,tn]/(D_ti —1). The
corresponding cycle complexes are quasi-isomorphic [Lev94]. In addition to
Bloch’s higher Chow groups, recently other cycle cohomology groups have
been introduced for schemes of finite type over a field k. These include the
motivic cohomology groups Hy (X, Z(r)) in the Voevodsky’s sense of mixed
motives (geometric motives DM(k), see [Voe00]), and the bivariant cycle
cohomology groups A, (X) = Appn(k, X) of Friedlander-Voevodsky [FV00].

2.2.8 Motivic cohomology. Let DMy, (k) be the triangulated category
of geometrical mixed motives over k. Denote by M (X) the motive associated
to X, and Z(r) the invertible Tate object. For X € Sm(k), define the
Voevodsky’s motivic cohomology of X in degree ¢ with twist p to be:

H3(X, Z(p)) := Hompyy,,, x) (M (X), Z(p) a])-

The relation between higher Chow groups and motivic cohomology, in
the smooth case, is given by the following comparison theorem:
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Theorem 2.2.9 ([MVWO06, Theorem 19.1]) If X is smooth, then motivic
cohomology agrees with Bloch’s higher Chow groups

Hy(X,Z(p)) = CHP(X,2p — q).

In the special case when ¢ = 2p, this is in particular a result on classical
Chow groups (cycles modulo rational equivalence). Tensoring with Q, we
have the Bloch-Grothendieck-Riemann-Roch theorem [Blo86a]:

H(X,Q(p) = Kapg (X))
with Adams eigenspaces of algebraic K-theory.

Remark 2.2.10 In general, when X is singular these isomorphisms fail,
in this case higher Chow groups play the role of motivic Borel-Moore
homology [FV00, Def. 9.1, Def. 4.3]:

HPM (X, Z(q)) = Hompag,,, () (Z(q) [p], Mc(X)),

where M.(X) is the motive with compact support associated to X. By
[MVWO06, Proposition 19.18], we have

CHP(X,q) = HJM (X, Z(p)).

But this situation can be remedied using Hanamura’s higher Chow coho-
mology groups [Chap. 3, Sect. 3.2]. In [Han00], M. Hanamura replaces the
singular variety by a diagram of smoth quasi-projective varieties called the
cubical hyperresolution [GNPPS88], together with Bloch’s cycle complex to
define its motivic cohomology, see also [Lev98].

2.2.11 Moving lemmas. For the construction of regulator and Abel-
Jacobi morphism, in [KLMO6] the authors use certain subcomplexes Zf (X, @)
of the cubical cycle complexes ZP(X,e) and a technique of moving lemma
to show that this is quasi-isomorphic to Bloch’s complex [KL07]. Here we
give the definition:

Definition 2.2.12 [KLMO06, 5.4] Let C(X,n) be the cycles Z € CP(X,n)
whose components intersect X x (T;, N---NT},) and X x Ty, N- - -NT,, NOFO")
properly for all 1 < i < nand 1 < k < n, and DR(X,n) := CR(X,n) N
DP(X,n). We define the complex Z5 (X, n) = CR(X,n)/DE (X, n).

The original moving lemma is due to Bloch and Levine, without subscript
R. This new version has been proved by Kerr-Lewis [KLO07, Section 8.2]:
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Theorem 2.2.13 (Moving lemmas)

— The inclusion Z5 (X, e)g — ZP(X, e)q is a quasi-isomorphism in the
derived category.

— For D C X a closed subvariety of pure codimension q, the restriction

2L (X, e)g

R )

gives a quasi-isomorphism.

Proof. See [KL07, 8.14 - 8.16]. The first statement is also valid for
quasi-projective varieties.

2.2.14 The weight filtered spectral sequence [Lew16, Ex. 4.5] [KLO07,
Ex. 3.1]. Let X be a smooth, projective variety of dimension d over C. Let
Y =Y, U---UYy be a NCD with smooth components, and consider the
smooth quasi-projective variety of the form U = X \ Y. For each integer
¢ >0, let Y}, denote the disjoint union of ¢-fold intersections of the various
components of Y, with corresponding semi-simplicial scheme Y[, with an
augmentation to X, Y}, — Yjg := X (see Example 3.1.12). Then, we have
a third quadrant double complex Zé’j (r) = Z&H(Y[_i], —j) for i,7 < 0. The
upper-right-hand can be seen as:

_ € . G .
s 22V —2 s 2 () —2 s 2(X)
o o o
— 272 Ay[z]vl) "Gy Z,"*l(AY[l],l) Gy ZT(?\(J)
0 1o} 0

— 277%(Y}g,2) Gy 21 (Y, 2) Gy 2"(X,2)

whose differentials are d vertically (0 as coming from the definition of Bloch’s
cycle complex) and Gy (=Gysin) horizontally. The corresponding total com-
plex s*Z(r) with D = 0+ Gy, comes associated with two spectral sequences:

ED = Hgy (HA(Z5*(r)))

'ES = HY (Hg;y(zg"(r))).
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According to [KLO7, Section 3.1], the second spectral sequence together with
Bloch’s moving lemma Z*(X, o) /2*(Y, ) ~= 2*(U, »), shows that:

Hm(s*2Z(r)) ='ES™™ = CH(U, m).

The first spectral sequence gives E’ij = CHH'Z'(Y[_Z-}, —j) and

. r+i . r+i+1 ;
E;’j _ ker(Gy: CH™* (lf[_l};__jl) — CH ++‘ (Yi—i—1) _]))_
Gy (CH YY1 1))

The filtration on s*Z(r) induces a ”weight” filtration, which under change
of indices becomes

Im(CH" (X, m) — CH"(U,m)) =: W_,,CH" (U, m) C
-+ CWoCH"(U,m) = CH"(U,m).

Proposition 2.2.15 There is a third quadrant spectral sequence that con-
verges to CH" (U, m) with E! = CHP" (Y12l —q) (where p 4+ q = —m),
and B ™ = W_,CH"(U,m). The graded pieces are characterized by the
injection (residue map)

Eotmt  Gol CHY (U, m) — { A subquotient of }

CH"—t=m(y'le+ml —p)

for —m < ¢ <0.

2.3. Absolute Hodge cohomology

The construction of absolute Hodge cohomology is due to A. Beilinson
[Bei86]. This theory generalizes Deligne-Beilinson cohomology in the sense
that it includes the weight filtration. To explain this notion, we start with
the definition of A-mixed Hodge complex [HodgelIl], in particular a (polar-
izable) variant introduced by Beilinson in [Bei86].

Definition 2.3.1 Let A be a subring of R. An A-mixed Hodge complex
consists of the following data:

— A bounded below complex K} of A-modules, such that H?(K}) is an
A-module of finite type for all p.
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— A bounded below filtered complex (KA@@, W) of A ® Q-vector spaces
with an increasing filtration W, and an isomorphism K3 = KR®Q
in DT(A®Q).

— A bifiltered complex (K¢, W, F') of C-vector spaces with an increasing
(respectively decreasing) filtration W (respectively F'), and a filtered
isomorphism a: (K2, W) = (K} 0, W) ® C in D¥F(C).

— For every integer m, Gr!/ Kieo — (Gr)V K2, F) is a (polarizable)
A ® Q-complex of weight m, i.e. the differentials Gr}¥’ K¢ are strictly
compatible with the induced filtration F', and F' induces a pure (po-
larizable) A ® Q-Hodge structure of weight m +r on H"(Gr)/ K}e0)
for r € Z.

A mixed A-Hodge complex K3 is given by a diagram (in the derived cate-
gory) K§ - (KReo: W) N (K&, W, F). In this sense, by the definition

of morphisms in derived categories, K*® gives rise to a diagram

IK&@Q

I /\

KA®@, (K&, W, F)

where o, 8; (j = 1, 2) are morphisms of complexes, o is a quasi-isomorphism,
and (2 a filtered quasi-isomorphism. According to [Jan88, Theorem 2.2],
by the work of Deligne and Beilinson, the construction of mixed A-Hodge
complexes is equivalent to the construction of mixed A-Hodge structures.
Moreover, by [Bei86, 3.11] the functor:

D*(MHS?) — D cv
is an equivalence of triangulated categories, where MHCP? is the category
of mixed Hodge complex with polarizable cohomology.
Definition 2.3.2 Let K3 be an A-mixed Hodge complex. Consider the

following morphism

K6 Wokjag® Won FOKE 8 K3 00 W, Ko

(na,mg-nc)  +— (a1na — aeng, Bing — P2nc)

where W, := (Dec W), is Deligne’s decalage filtration (1.2.7). The absolute
Hodge cohomology is given by

H(K®) := H*(Cone®(a, B)[—1]) = H*(RT'5¢(K*)).
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We henceforth assume K} =Ky, K& ='K¢ with as, B2 identity maps,
and K:&@Q = K} ® Q with o7 the inclusion.

Remark 2.3.3 If A = Q, then oy is the identity. In this case there exists
a diagram:

Cone(Kg © WoKg @ FOWoke “% Ky @ Woke)[-1]

qiST
Cs = Cone(/V[?oK@ @ FO/WOK(E /81;8)2 /WOK(.j) [—1]
iD

Cy = Cone(K@ ® FOKS g K2)[—1]

given by (n1,m2,m3) — (n1,m1,12,0,7n3). The differential morphism D be-
tween absolute Hodge and Deligne complex is given by D(n1,1n2,13) =
(—dm, —dna, dns + Bim — Panz), which simply forgets the weights.

2.3.4 Hodge realizations. According to M. Levine [Lev98] and A. Hub-
ber [Hub00], there is a realization functor of triangulated categories

Ryc: DMgy (k) — D°(MHS)
that by functoriality, induces a regulator morphism:
clge: Hy (X, Q(m)) — Hi (X, Q(m))

which is compatible with the localization sequence, and weight filtrations.
The explicit constructions, using currents, were made in [KLMO06] and [KLO7],
and we will present them in the following sections.

2.3.5 The smooth projective case. Let X be a smooth and projective
variety over C. To produce an explicit mixed Hodge complex that computes
its absolute Hodge cohomology, consider the following system [Jan88, 2.7]:

(K3 =)K; = C(X,Z(p))2p]* = C*P"*(X,Z(p)),
Kjog = C?T(X,Z(p)) ®Q,
(K¢ =)K¢ = D(X)(p)[2p)°,

where K7 LN K¢ is given by integration: (27i)Py +— (2mi)? fv'
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— F* is the Hodge filtration on D% twisted by p.
— W, is the stupid weight filtration

K* r>0

Wik ::{0 r<0.

This filtration induces a filtered morphism (Kg, W,) @ C s, (K¢, W)
given by the Poincaré lemma. Then, the décalage filtration is

— Kt
WoK™. o = ker{W_ KMoy — — A%
®Q m ®Q meflelg(é
KZ”®Q, m < 0
=1 ker(9) C Kg®Q, m=0
0, m > 0.

Explicitly, the complex Cone (K8 & WoKk§ ® FOWoKe — K& ® Wokg)[~1]
becomes the following complexes in each case:

C?F*(X, Ap)) & C*H*~H(X, Ap)) ©2 Q, °>1
CPL(X, A(p)) ® C?(X,A(p)) ®z Q @ {ker(d) C D?(X)}, e=1

C?(X, A(p)) @ {ker(d) Cc C?(X, A(p)) ®z Q}
@ {ker(d) C FPD*?(X)} ® C*~1(X,A(p)) @2 Q® D*~1(X), =0

C%**(X, A(p) ® C*** (X, A(p)) ®2 Q & FPD***(X)
L & 02p+'*1(X,A(p)) 27 Q @ 92p+071(X)7 .<o.

For q € Z, its ¢**-cohomology is Hierq(X,A(p)). By forgetting all Wy’s in
the definition of the Cone complex, we have a morphism

Hif (X, A(p)) = Hy (X, A(p)).

This is an isomorphism in degrees ¢ < 0.
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2.4. The regulator morphism: KLM-formula

The KLM-formula is a morphism of complexes inducing the Bloch-Beilinson
regulator morphism with rational coefficients, where the Deligne cohomology
is computed by a complex of 3-terms [KLMO06]. The Abel-Jacobi morphism
for higher Chow groups CHY(X,m) generalizes the classical Abel-Jacobi
morphism on the Chow groups CH?(X), this is a morphism from higher
Chow cycles homologous to zero to the Griffiths intermediate Jacobian.

2.4.1 The currents. Let (z1,...,2,) € O™ be the affine coordinates. On
O™ we have the following currents [KLMO06, page 383]:

Qo= / /\ d log z;
O™ i1

To=(e)" [ ()

[—O0,0}m

RD:[/ logzl/\dlogzj—(%m’)/ logzg/\dlogzj+...

j=1 [—oo,0]xO0m—1 j=3

+ (—27Ti)m/ d log zm]
[—o00,0]m—1 xO1

Consider a cycle a € Z"(X x ™) in general position. Let 71: |a] — X,
mo: |a] — O™ be the projections. Then, we have the corresponding cur-
rents':

(7T1* o W;) RD;

R,
Qa (7T1* o 7T>2k) QDa
To

= (7T1* Oﬂ';) TD.
Recall that in the Deligne cohomology complex

O3 = Cone{C***(X,Z(p)) ® FPDY"*(X) — DY (X)}[-1]
the differential D is given by

D((2mi)P~"(Ty, Qy, Ry)) = (2m0)P~"(dT;, dSYy, Ty — Q) — dRy)
(27”)107”1(’1‘8?77 Qay, Ron);

'In the clasicall case when m = 0, we have that R = 0.
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the resulting cohomology at ¢ = —r is H%_TH(X ,Z(p)). To guarantee that
the currents are defined, we have to restrict to the subcomplex Z§ (X, ) of
real cycles. Then, we have the main result of [KLMO06]:

Theorem 2.4.2 ([KLMO06, 5.5]) There is a morphism of complezes
regy: 25(X, ) — O (X, Q(p)),
induced by n — (2mi)P~" (T, Uy, Ry).

This morphism of complexes is called the regulator morphism in the
smooth and projective case [KLMO06]. Taking the corresponding cohomology
groups, we have the Bloch’s cycle class morphism [Blo86b]:

s CH (X, m) = Hyyoy (X, Z(r — d)) — HZ ™ (X, Z(r)).
Recall that Deligne cohomology sits in an exact sequence

H?* " 1(X,C)

07 Fagzen1(X,C) + Ho (X, 2(q))

— Hy' (X, Z(q))

— FIH?(X,C) (| H* "(X,Z(q)) — 0.

Then, we have the fundamental class morphism

clym: CHY(X,m) — Hdg"™(X) := Homyms(Q(0), H*~™(X,Q(r)))
= FUHMT(X,C)(HMM(X, Z(g))-

If we define the nullhomologous higher cycles by

CH{

hom

(X,n) = ker{CH!(X,n) — Hy' "(X,Z(q)) — H* (X, Z(q))}.
Following [KLMO06], the induced map

Fd7r+1H2df2r+m+1(X C)Y
Ayt CHp o (X, m) — Jac™™ (X)) := )
r,m hom( ) ( ) Hgd_2r+m+1(X7 Z(d - ’l“))

is the Abel-Jacobi morphism, and is given as follows (in terms of cur-
rents). Explicitly, if « € CH"(X,m) is homologous to zero, such that each
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irreducible component intersects all real faces properly, the formula for the
Abel-Jacobi map is given by the following current:

1
a = (2m')d7”+m[/\ 01O IWS((Iogzl) dlog 2 A -+ Adlog zn) Al (w)
Q\TTy ~[—00, m—

(—27Ti)/ w%((logzg) legzg/\---/\dlogzm) INC)
aﬂwz_l[—oo,O] XDmfl\ﬂ—z_l[_oo’()PXmmfz

+---+(—2m')m—1/ B 2 (log 2m) A 71 ()
anT

5 H[=00,0/m =1 x O\ anmy *[—o0,0]™

(—2mi)™ / 7 (w)

Replacing the n-cube (0" by the n-simplex A" yields similar operators Ty,
Q, and R,; the description of these operatos appears in [KLL18].

Remark 2.4.3 According to [KLMO6], the projection of the cl, ,, morphism
to the real Deligne cohomology, i.e. the composition

CH"(X,m) =8 HZ (X, Z(r)) =5 HZ (X, R(r))

agrees with the regulator defined by Goncharov [Gon95]; this is the real
regulator morphism.

Example 2.4.4 Let X be an elliptic curve in IP’%. This is smooth, projective
curve of genus one. In this case, CHlllom(X ,0) are the 0-cycles of degree zero
and

- Hl,O (X)\/ o C

T H(X,Z)  7*

For a cycle o € CHo(X)qeg 0 We can write it in the form o = Zj (pj — qj)-
Consider any real 1-chain vy on X such that 9y = a. Note that H"*(X) =
Cw, where w = dz/y = dz/+/h(x). Then

dx Prdx
Alip(a)(w) = L V@) - Z/q h(z)’

J

JacY(X)

is the classical elliptic integral.

Example 2.4.5 Let X be a complex surface.Then, the classes in CH?(X, 1)
are represented by {a = >;(fi,Ci) | >, div(f;) = 0}, where the Cy’s are
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curves. The cycle class morphism clp 1 : CH*(X, 1) — H3 (X, Z(2)), induces
an Abel-Jacobi morphism

{H>°(X) & HY(X)}Y

. 2
AJ271 : CH (X, 1) — HQ(X, Z) s

hom

given as follows. Let a € CH?*(X,1), with a = >_;(fi,Ci). The mor-
phisms can be seen as f;j: C; — P!, and consider ~; := fl-_l([O, oo]). The
condition ), div(f;) = O implies that v := >, 7; defines a 1-cycle. Since
a € CHE . (X,1), there is a real chain ¢ in X, such that v = 9(¢). For
w e H*(X) ® HY(X), we have:

AJyi(a) = (271”)<ZZ:/CZ\% w log(fi) + 27Ti/<w>.

2.5. The smooth and quasi-projective case

Let U be a smooth, quasi-projective complex variety. Consider a good com-
pactification U — X of U, which means that X is a smooth projective
variety and Y := X \ U = Uf\il Y; is a normal-crossing divisor (NCD) with
smooth components (and smooth intersections of all orders). In [KLO07],
Kerr and Lewis describe the Hodge cycle class map:

cly™: CH"(U,m) — Hz'~"™(U,Q(r))

in this case they reduce everything to the smooth projective case [KLMO06]
through weight filtered spectral sequence on both sides. The regulator mor-
phism is given in terms of double complexes, evaluated on the graded pieces
of Gysin espectral sequence.

2.5.1 The mixed Hodge complex. Let Y|, denote the disjoint union of
t-fold intersections of various components of Y, with corresponding hyper-
covering Y[, = Y < X. Then, we have defined double complexes

DY 1= D) +9)
C(r) = C(r)?r+2+ (Y[_Z-},A(r + 2)),

with differentials Gy (=Gysin, horizontal) in both cases, and d repectively
0 (vertical). Consider the associated total complexes

() = @) D)~ = P Dy,
i(<0)
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@ Cv ZO i @02r+i+.(}/[,i],1%(7’+ Z)),

1(<0)
with differentials D = d+ Gy and D = 0+ Gy. The “weight” filtrations are

’We(skD(r)) = @ D(T)i’k*i

(<i(<0)
/WZ @ C zk 7
£<i(<0)

and Hodge filtration is given by FiskD(r) := @, Fq+7"+iDQT+2i+j(Y[_i]).
This is the basic principle to endow the cohomology of a variety with a
mixed Hodge structure, the necessary filtrations must be defined on the
level of complexes to give rise to filtrations on cohomology. Then, we have

H*(Fs*D(r)) & FITH52"(U,C), H*(s*C(r)) = H**"(U,Q(r)).

Recall that for the filtered complex (s*D(r),’W), the décalage filtration
Dec('W) of 'W is given by:

k+1
¢k ok k D s"TD(r)
(Dec "W)'s"D(r) = ker{’W RS D(r) == WG D (1) }

This is other filtration on the complex s*D(r), and we have:

Proposition 2.5.2 The décalage filtration of 'W on s*D(r) is the canon-
ical filtration.

Proof. By definition of décalage filtration
(Dec 'W)fskﬂ(r) = ker{ @ D(T)i’k*" D, @ D(r)i’kﬂﬂ}
04+k<i(<0) (0>)0+k+1>i
_ ker{.D(r)€+k,f€i>®(7ﬂ)£+k,fé+l}

o @ DR +i)
04+k<i(<0)

= s"{r<_/D(r)"*}.

O
The usual weights on cohomology are given by the “weight” (decreasing)
filtration “W*, under the change of indices W, (:='W~*), and we have

'WHHNU,Q(r) = Im{H*('Ws*C(r)) - H"(s*C(r))}
= Works e HH(U,Q).
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The action of décalage filtration is the degeneration of the spectral sequence
in the first page [HodgeII]. The Gysin spectral sequence with 0*'-page

Eé’j = Griys™D(r) = D(r)™,
by [Hodgelll] degenerates at the stage Fs, hence the following spectral se-

quence

s 5

Eé I = Grgcc(,w)sil+jl@(r)

degenerates at E; by the isomorphism Byt = E’fjrl Both converge to
H*s*D(r). The compatibility of the total differential D with the filtration
Dec('W)®, gives us the relation between 'W and Dec('W) is

Hk(DeC(/W)fﬁkamD(r)) ~ Im{Hk(DeC(/W)iéikS.ﬂ(T)) N Hk(S.D(T))}

Writing WO = Dec('W)?, the compatibility of spectral sequences implies,
when k£ = —/, that

H*(Wos*D(r)) = W, H (U, C).
Corollary 2.5.3 The following system K*® given by:
— (Kg W) = (s°C(r), W),
— (Kg, W, F) = (s*D(r), We, F*)

defines a mized Hodge complex associated to X, where Wy ='W ™° and 3,
is gwen by integration on each Y|_).

Definition 2.5.4 The absolute Hodge cohomology of U is given by the
mixed Hodge complex K*, i.e. H:' (U, Q(p)) := HL(K*®).

The cone complex associated to K*®, by definition is:
Qi) := Cone{s*C(r) @) Wos*C(r) @ Qo 1 FO)s*D(r)
— s*C(r) ® QEPWo N FO)s*D(r) }[-1]

where Wos®(r) = ker{’Wksk(r) — ﬂ} By remark (2.3.3), the ab-

/Wk:+1sk (r)
solute Hodge cohomology is computed by the kt'-cohomology of the complex

Q5c(r) = Cone(Ww'C(r) @ FO/W()S'ZD(T) — WgS'D(r))[—l}
_ s*(7j<0C(r)) Bi—B2 o
= o Ay 00
= s*H(r)**



40 The smooth and quasi-projective case

where s*JH(r)®** is the total complex associated to the double complex
(0, j>1
ker(d) € D2 HD(Y] ), j=1

ker(9) € C200 (Y_y, Qr +1) @
ker(d) C F0D2(T+1)(§/[,i]) 4> D2T+2z_l(y[,ﬂ), j=0

CH P2 (Y_y, Q(r + 1)), j<o.

This double complex is third quadrant, with differentials D (cone differen-
tial, vertical) and Gysin (horizontal), and is zero if i > 0. The elements of
H(r)" can be written as (a,b,c), with a,b both zero if j = 1.

2.5.5 The regulator morphism. As Y|_; is smooth and projective, the
KLM-formula gives a realization morphisms of double complexes:

267 (r) =25 (Yo, —4) — H(r)y?
& (=2mi)"((2mi) I Ty, Q, Re).

via the quasi-isomorphism C§(Y[_;, Q(r)) — C§,(Y—y, Q(r)). By consider-
ing the total complex of both sides, the KLM- formula defines a regulator
morphism on the level of complexes for U

regy: s® (Z"'(r)) =:25(r) = Hy(r) :=s°* (J{"'(r)).

The weight filtered cycle-class morphism is given by the following spec-
tral sequence:

Proposition 2.5.6 There is a (Gysin) spectral sequence that converges to
H*(s*H(r)**) = H2'M (U, Q(r)), with H(r)g’ := H(r)™ and do := D. This
weight spectral sequence induces a weight filtration with graded pieces:

Grrgy H™ (8*H(r)) = Gl Hy ™ (U,Q(r) = (),

The total cohomologies give us the cycle-class morphisms
™ CH'(U,m) = Hyt ™(U,Q(r)) — Hz~™(U,Q(r))
with graded pieces

Gr%(clg’{m): Z(r)_é_m’ﬁ — fH(r)_E_m’Z.

[e.9] o0
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To give a precise description of the Abel-Jacobi morphism, Kerr and Lewis
describe explicitly these graded pieces. According to [KLO07], there is a
weight spectral sequence on singular cohomology, that degenerates at the
second page. Consider the following short exact sequence of MHS:

0— Wiy — Wy —>Gr%’f_1 —0

applied on the cohomology H?"~™~1(U, Q(r)), and define

Homyps (Q(0), Grlp H2 ™ H(X \ Y, Q(r)))
= := Image 1

Exthms (Q(0), GrlV, HZ=m=1(X \ Y, Q(r)))

Proposition 2.5.7 ([KLO07, Prop. 2.7]) The graded pieces of absolute Hodge
cohomology are given by

Extd g (Q(0), Grl¥ B> =m=1(X \ Y, Q(r)))

=
=j

J_C(r)—m—ﬁ,é ~

o0

for —m < £ <0, and for £ = 0 there is a short exact sequence:

_, Extlins (Q). GrKVlffT—m—l(X \ Y, Q(r)))

—

—0
— H(r) ™" — Homuus (Q(0), H* (X \ Y, Q(r)) — 0.

2.5.8 On the other hand, the Cone presentation of s*JH(r)**, it gives a
short exact sequence:

0 — Extyys (Q(0), H 1 (U, Q(r))) — Hy{ ™ (U, Q(r))
— Homms (Q(0), H*~™(U,Q(r))) — 0.

Define:

CHf, (U, m) := Ker{ CH" (U, m) — Homms (Q(0), H* (U, Q(r))) }.

hom

The following result is the Abel-Jacobi in the quasi-projective case:
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Theorem 2.5.9 There is an Abel-Jacobi morphism
AJpm: CHpo (X \ Y, m) — Extyys (Q(0), H ™ 1(X \ Y, Q(r)))

such that in the graded pieces Gr}/V(AJnm) look like:

Gr} CH oy (X \ Y, m) ® Q

hom

Bxtlgys (Q(0),GrlV, P —m—1(X\Y,Q(r))

=)

)

for —m < 0 < 0. This is evaluated with KLM-formula.

Remark 2.5.10 Taking only the 0" column, the resulting complex com-
putes the absolute Hodge cohomology of X, H?**(X, A(p)). Similarly, each
complex column computes the cohomology of Y[;. In the general double
complex, if we omit the 0" column, we obtain:

HPY(Y,Q(r)) = CH"(Y,m) = Hy? {7 (X, Q(r + 1))

for motivic cohomology with support on Y. In summary, for U smooth and
quasi-projective variety and U — X a smooth compatification of U with
Y := X — U a normal crossing divisor, we get cycle-class morphisms of long
exact sequences

CH~YY,m) ——— CH"(X,m) —— CH"(U,m)

| | |

Hig 3™ (X, Q(r)) —— Hy ™™ (X,Q(r)) —— Hii~™(U,Q(r))

where both exact sequences are given by the localization sequence on the
level of complexes [KLO7].



Chapter 3
Motivic cohomology for singular varieties

In [Han00], Hanamura extends the definition of the motive of quasi-projective
varieties to schemes of finite type over a field k that admits resolution of sin-
gularities, using the method of Hironaka’s resolution of singularities [Hir64],
and more generally cubical hyperresolutions [GNPP88]. The same tech-
nique is used by Levine in [Lev98], to define his cohomological motives. For
a quasi-projective variety X, Hanamura applies the technique of hyperreso-
lutions to the cycle theory of S. Bloch and defines its motivic cohomology.

3.1. Cubical hyperresolutions

The technique of cubical hyperresolutions was developed by Guillén-Navarro-
Pascual-Puerta in [GNPPS88], as an alternative to simplicial resolutions for
Deligne theory of mixed Hodge structures [HodgellI]. In this theory one
replaces a singular variety by a cubical diagram of smooth varieties. Here
we review the construction of cubical hyperresolutions, and some examples.
We recall some notions from [GNPP88] and [GNAO02], see also [PS08].

Notation and conventions

From this chapter on, k& will be a field that admits resolution of singularities.
The category of separated schemes of finite type over k is denoted by Sch(k).
Denote the category of quasi-projective varieties by QuProj(k), by Sm(k)
to the category of smooth varieties, and by SmProj(k) the category of
smooth and projective varieties over k. Let I be the category associated to
a finite partially ordered set. By an I-diagram of schemes we mean a
contravariant functor Xo: I — Sch(k), from the category I to the category
of schemes. The [-schemes form a category. If Xo: I — Sch(k) is an I-
scheme, and i € Ob([), then X; will denote the scheme corresponding to
i. If ¢:i — j is a morphism in I, will be denote by X4: X; — X; the

43
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corresponding morphism of schemes. If fo: Xo — Y, is a morphism of I-
schemes, we denote by f; the induced morphism X; — Y;. We say that
a morphism fo: X, — Y, of I-diagrams is a closed inmersion, projective,
proper, separated, etc., if f;: X; — Y; is a closed immersion, projective,
proper, separated, etc., for all ¢ € I.

Definition 3.1.1 Given a morphism of I-schemes fo: Xo — Y,, we define
the discriminant of f to be the smallest closed sub-I-scheme Z, of Y, such
that f;: (X; — f;*(Z;)) — (Y; — Zi) is an isomorphism for all i € Ob(I).

3.1.2 The cubical category. Let 1 be the category {0}, and 2 be the
category {0 — 1} ({0 < 1}). Let n > 1 be an integer. We denote by [J;" the
product of n + 1 copies of the category 2 = {0 — 1}, i.e.,

OF = ({0 — 1)+

The objects of [ are identified with the sequences a = (a, ..., a,) such
that a; € {0,1} for 0 < ¢ < n, and it is useful to define |a| = > ;. The
morphisms HomD:(a, ), for two objects «, 8 € O are given by:

_Ja=pB iffa;<Bifor0<i<n
Homg (o, B) := { 0 otherwise.

For n = —1, we set 0%, = {0} and for n = 0 we have O = {0 — 1}. Let
O, be the full subcategory without the initial object (0,...,0). Clearly, the
category I can be identified with the category [J,, with an augmentation
morphism to {0}. The objects in the category [} can be seen as:

e —— o
2T /‘T
oe<— o o<‘—o
| oo
l e P
o ® ({————- o ® (————- o ® {-———- o

for n = {—1,0,1,2}. The category [J,, are the same diagrams without the
initial object (O, = O} — {(0,...,0)}).

Definition 3.1.3 An augmented cubical variety or (/- variety (resp.
a cubical variety or O,-variety) on QuProj(k) is defined as a contravariant
functor X : OF | — QuProj(k) (resp. Xo: O,—1 — QuProj(k)).
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Morphisms between two cubical varieties are given by natural transfor-
mations, and then cubical varieties form a category. In order to construct
cubical hyperresolutions, we start with the notion of a 2-resolution, which
is an iterative step for such a construction.

Definition 3.1.4 ([GNPPS88, 1.2.7]) Let X be a I-scheme. The Cartesian
square (up to taking the reduced scheme structure, i.e., X131 = (X0 Xx
X01)red) of morphism of I-schemes

X1 — Xo1

Ll

Xl()*)X

is called a 2-resolution of X if it satisfies the following conditions:
(1) Xo1 is a smooth I-scheme,

)
(2) the horizontal arrows are closed inmersions of I-schemes,
(3) f is a proper I-morphism,

)

(4) X1p contains the discriminant of f.

In other words, the condition (4) says that f induces an isomorphism of
(XOI)i — (Xll)i over (X>z — (XIO)'L' for all ¢ € Ob([) Clearly 2-resolutions
always exist under the same hypotheses that resolutions of I-schemes exist.

3.1.5 The reduction process. The previous 2-resolution, X! — X, can
be seen as a morphism of D(T -varieties Xio — Xpe, where Xg9 = X. For
a 2-resolution X2 of Xi,, we can define a D; -variety by reducing the two
2-resolutions X2 — X! — X as

2 2
Xllo XOlo

l |

2 1
XlOo XO.

in other words, the diagram suppresses the vertex XZ,, = X{,. This con-
struction motivates the following definition, important for the notion of cu-
bical hyperresolution.
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Definition 3.1.6 ([GNPP88, 1.2.11]) Let > 1 be an integer, and X' be a
D;{ x I-scheme for 1 < n < r. Suppose that for all 1 < n < r, the D:{_l x I-

schemes X{)LOJ:1 and X7, are equal. Then we define, by induction on r, the
[OF x I-scheme

Zy :=red(X}, X2,..., X])
which we call the reduction of (X!, X2,..., X7), in the following way:
(1) If r = 1, we define Z, = X{.
(2) if r = 2, we define Z, = red(X]}, X2) by

g Xgg if a=(0,0)
W X2 if ael

for all § € O, with the obvious morphisms.

(3) If r > 2, we define recursively

Ze =red(red(X,,..., X171, X7).

Now we come to the definition of a cubical hyperresolution, the principal
definition of this section.

Definition 3.1.7 ([GNPPS8S8, 1.2.12]) Let X be an I-scheme. A OO x I-
scheme Z, = red(X}, X2 ..., X]) is called an (augmented) cubical hy-
perresolution of X if

(1) X! is a 2-resolution of X,
(2) for 1 <n <7, X2 is a 2-resolution of X7,

(3) X, is smooth for all o € OJ,..

The number 7 is the length of hyperresolution X,. The machinery be-
hind cubical hyperresolutions, is an iterative process of 2-resolutions with
its corresponding reductions.

Notation. A cubical hyperresolution X, = red(X(}, X2, ..., X7) naturally
defines a semi-simplicial scheme!, where the p-th component is

X, = H X, with la] = [y -« oy am)| = ap + -+ + aup;
lal=p+1

! Also called strict simplicial scheme, in our case it is also truncated.
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we denote this by the same X,. A semi-simplicial scheme is a sequence
of varieties X, together with face morphisms d;: X, — X, _1 for 0 <1 < p,
and augmentation morphism a over X:

d
— 2 d
. 1
'*)X27d1$X1*>X0*>a X
— T do

such that d;od; = dj_10d; for 0 <i < j <p, and aody = aod;. Contrary
to the simplicial schemes, here the degeneration morphisms are irrelevant
for our following purposes. A morphism of semi-simplicial schemes
fo: Xo — X, is a family of morphisms {f,: X, = X} such that all the
[p’s commute with the face morphisms of X, and X]. We denote an aug-
mented hyperresolution X, as a: X, — X, such that X, is smooth for all
p, and a,: X;, — X are proper. In this sense, X, — X can be seen as a
morphism of semi-simplicial schemes, by considering X as simplicial scheme
with X, = X for all p € Z>¢ and by setting all face morphisms to be the
identity morphism.

Construction and existence of cubical hyperresolutions

Definition 3.1.8 Let k be a field, and X be a quasi-projective variety over
k with singular locus ¥. A resolution of singularities of X is a proper
birational morphism p: X — X, where X is a smooth variety; p induces an
isomorphism outside ¥ and E = p~!(X) is a simple normal crossing divisor.

In characteristic zero, Hironaka [Hir64] proves that there is resolution of
singularities for any variety. Futhermore, these resolutions are compositions

)~(—>Xn—>~~—>X1—>X0:X
of finetely many blow-ups along the smooth centers Z; C X;.

Under the current assumption that resolutions of singularities exist, a cu-
bical hyperresolution of any variety exists. Cubical hyperresolution is an
iterative process of Hironaka’s resolution of singularities?. For proofs about
the existence of cubical hyperresolutions, see [GNPPS88, 1.2.15] and [PSO08,
Theo. 5.26]. For our future purposes, the following theorem is enough.

2In prime charactiristic, alterations in the sense of de Jong give another way to con-
struct hyperresolutions.
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Theorem 3.1.9 Let X be a quasi-projctive variety over a field k of char-
acteristic 0. Then there exists a cubical hyperresolution Xo of X such that
dim X, <dim X — |a| + 1, for all « € O;}.

Proof. The first step in the recurrence is the resolution of singularities of
X, this is a diagram of the form

J

=
M —
NTNZ

i
This diagram defines is so-called a 2-resolution X} — X of X

1 1
Xll XOl

| I

Xllo — X()O =X

If X1, and X{, are smooth, this 2-resolution X} — X defines an hyperres-
olution of X with associated semi-simplicial scheme given by

X=X — 2 Xo=Xpp[[Xo1 — X

with an augmentation over X (of length one). If X{; and X{, are not
smooth, since dim(X7; ), dim(X{,) < dim(X), the inductive process continue
applying again resolution of singularities on X7, and X7, to construct a 2-
resolution of (X{; — X{,) = X{,, this is X2 - X! — X. The reduction
process eliminates the non-smooth components Xgo. = Xll,, and replaces
them with the components X2,

X1211 — Xgn
2 < 2 ol
Xi10 T X010 l

X1201 l*>\X0201¥ X111 - X&l
l / / /\) /

2 2 1 1
_ = _
Xio0 Xd00 Xio Xoo

If all the other vertices X, are smooth, this gives a hyperresolution of X.
Again, dim X, < dim X — |a| + 1 for all o € OF. Again, this cube gives
rise to a semi-simplicial scheme of the form

—
Xo = X111 — X1 = Xu1o [ X0t [ Xo1n —= Xo = X0 [{ Xo1o L1 Xoo
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with an augmentation over X. If not all components are smooth, we proceed
in the same way to take a 2-resolution X3 — (X%, — X%,) of one face of
the cube:
2 2
Xin > X110

| !

2 2
XlOl XlOO

and so on, this process is bounded by the dimension of X. At the end, after
a finite number of steps, we get to that all the vertices of the r-dimensional
cube are smooth, then we obtain a cubical hyperresolution (under reduc-
tions) X, = red(X{, X2,...,X!) — X, with an augmented semi-simplicial
scheme X, — X. O

Remark 3.1.10 The main techinical advantage of Guillén, Navarro-Aznar
et al. constructions over Deligne’s construction, is that resulting semi-
simplicial scheme is finite, bounded by the dimension of X.

Example 3.1.11 Let C be an algebraic curve over k. Consider the nor-
malization n: C' — C and the singular locus ¥ C C. In particular, X is the
discriminant of 7 and E = n~1(X) the exceptional set (with reduced scheme
structure). We have the following Cartesian square:

E*>5

L

Yy —— C.

It is clearly a 2-resolution and thus also a cubical hyperresolution of C.

Example 3.1.12 Let Y be a connected normal crossing variety, i.e.,
Y = Ufil Y;, where each irreducible component is smooth and projective.
Set

Y=Y, n---nY;,, I={1,...,t}

Y= 11 v1-
|I|=t

For I = {i1,...,4}, consider the following notation I; = {i1,... ,/z'\j, cey Bt
therefore, there exist ¢ natural inclusions dJI: EFr— F I;- Then, the inclusions
define a semi-simplicial hyperresolution Y[, — Y of Y, given by:

T Vg — S Vi T2 Yy~ Y
— Vg = Y2 —= Yy :
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A complex on Y], is a double complex, with a complex over each Y}; com-
patible with face morphisms. If a is of cohomological descent, the simple
complex associated to the double complex computes the cohomology of Y. In
this case, the spectral sequence associated to hyperresolution is the Mayer-
Vietoris (or Cech) spectral sequence associated to decomposition. This is
the principal role plays the descent cohomological property (see 4.2.1).

Theorem 3.1.13 ([GNPPS8S8, 1.6.9]) Let X be an I-scheme. If Xo — X is
a cubical hyperresolution of X, then Xo has cohomological descent over X.

3.1.14 The category of hyperresolutions. A morphism of hyperreso-
lutions over a morphism f: X — X’ is given by taking an inclusion func-
tor 4., = 4100 iy OF — D:C (r < '), where i;: O} — D;Zrl
sends (ao,...,a,) to (ag,...,aj-1,0,05, -+, ), and taking a morphism
of OF x I-diagrams f,: X4 — X such that the morphism fo,.0 1 f. Cu-
bical hyperresolutions of I-schemes form a category. A morphism of hyper-
resolutions induces the associated morphism of augmented semi-simplicial
schemes, also denoted by fo: Xe — X_. Denote by Hrc the category of hy-
perresolutions of quasi-projective 1-varieties over k. The above construction
gives us a natural functor

Hrc — QuProj(k)
X — X.

by taking the (0,...,0) component of the associated augmented hyperres-
olution. Localizing Hrc with respect to the class 3 of morphisms which
induces identities in QuProj(k), we obtain the category HoHrc. Hence,
we have an induced functor

HoHrc — QuProj(k).

This functor is an equivalence of categories [GNPP88, Theo. 3.8].

3.2. Chow cohomology groups

Let X be a quasi-projective variety over C. The principal idea of cubical hy-
perresolutions is to replace a singular variety X by a semi-simplicial variety
a: Xe — X [GNPPS88]. This is a truncated semi-simplicial scheme

d
— 0 d
—2 0 a
X.:{ T Xy Sdi s Xy T3 X }—>X
— do d1
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consisting of smooth quasi-projective varieties, with an augmentation a to
X. In [Han00, Theo. 2.3], Hanamura proves that the homological cycle
complex has the property of descent, in other words, the morphism of com-
plexes a.: Z,(Xe)x — Z,(X, @) is a quasi-isomorphism, this is a consequence
of the localization theorem of Bloch’s cycle complexes. Here, Z,(X,). is the
double complex with differentials di = > (—1)'d;. On the cohomological
side, we have the following construction.

3.2.1 Hanamura’s motivic cohomology. Let X be a quasi-projective
variety, and X, — X its semi-simplicial hyperresolution. For each X, take
its cycle complex Z"(X),, ®), and form a double complex

d*

0— 2"(Xo,0) L5 27(X1,0) L5 o L 2r (X, 0) L

where the horizontal differentials are given by d* = > (—1)%d}, the alternat-
ing sums of the pull-backs of face maps. We denote by Z"(X,)* its total
complex and we call it the cohomological cycle complex of X.

Remark 3.2.2 In Hanamura’s construction, strictly speaking one chooses
appropiate distinguished subcomplexes (quasi-isomorphic to Bloch’s cycle
complexes), so that the pull-back d* is well-defined [Han00]. For smooth,
quasi-projective varieties X, the collection of distinguished subcomplexes
satisfies the following conditions:

— The inclusion of a distinguished subcomplex Z"(X, o) C Z"(X, o) is a
quasi-isomorphism.

— IfZ"(X,e) and Z"(X,e)” are distinguished subcomplexes of Z" (X, e),
there is a third distinguished subcomplex Z" (X, e)"” contained in both
Z"(X,e) and Z"(X,e)".

— If f: X = Y is a morphism of smooth, quasi-projective varieties, and
2" (X,e) C Z"(X,e), there is a distinguished subcomplex Z"(Y, o) C
2" (Y, e) such that the morphism f*: Z"(Y,e)’ — Z7(X, o) is well de-
fined.

The main result on the cohomological cycle complex is that it is inde-
pendent of the hyperresolution up to isomorphisms in the derived category.

Theorem 3.2.3 ([Han00, Theorem I|) Let X be a quasi-projective vari-
ety, Xe — X and X, — X be hyperresolutions of X, and Xe — X, a
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morphism over X. Then the induced morphism Z'(X.)* — Z"(Xe)* is a
quasi-isomorphism. There is a contravariant functor

2"(—)*: QuProj(k) — DT(Q)

that sends X to Z"(Xe)* and a morphism f: X — Z the induced morphism
(fo)*: Z"(Xe)* — Z7(Zs)*, where fo: Xo — Zo is a morphism of semi-
simplicial hyperresolutions over f.

In terms of motives, Levine [Lev98, IV.3] associates to a hyperresolution
X, of X a motive Zx, in D% ,(Sm(k)). The morphism of hyperresolutions

mot

gives a morphism of motives (f)*: Zx, — Zy; in C%((Sm(k)), canoni-
cally isomorphic in D%, (Sm(k)). In order to prove this and Theorem 3.2.3,

Hanamura considers a Cartesian square of quasi-projective varieties

w2 X!

bl

W —X

such that f is proper and induces an isomorphism (X' — W') — (X — W),
with corresponding diagram of hyperresolutions

w! 2 X!

VQL if'

over the above square. Then, the induced morphism
(fs,94): Cone(f) — Cone(cy)

is an isomorphism in D2 ,(Sm(k)) (respectively in D?(Q)). Once we have

mot
the independence of hyperresolution, we give the following definition:

Definition 3.2.4 For a quasi-projective variety X, we define
CHC"(X,m) := Hm(ZT(X.)*)

called higher Chow cohomology group® of X.

30r motivic cohomology of X in Hanamura’s sense of triangulated mixed motives.
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3.2.5 Hanamura’s spectral sequence. For a quasi-projective variety
X, consider its semi-simplicial hyperresolution X, — X. The cohomological
cycle complex Z"(X,e)* of X defines a fourth quadrant double complex:

EPi(r):=2"(Xp,—q); i>1,5<0.

This complex can be seen as

27(Xo) —5— 27(X1) —T— 27(Xy) ——
0 0 0
2r(Xo,1) =L 27(X1,1) 2 27(Xo,1) ——
o] o 1o}
27 (Xo,2) —F 27(X1,2) —£ 27(X,2) ——

whose differentials are 0 vertically (0 as coming from the definition of Bloch’s
cycle complex) and d* are the alternating sums of the pull-backs. Again,
denote the total complex by Z" (X, -)*.

Proposition 3.2.6 There is a cohomological spectral sequence associated to
the Chow cohomology double complex

E{)’q(r) = CHT(XZ’: _Q) = CHCT(X,p - Q)'

In the homological sense, there is a first quadrant convergent spectral se-
quence
By (1) := CHy(Xp, q) = CHA(X,p + ).

Proof. Let Xo — X be the augmented semi-simplicial scheme given
by a cubical hyperresolution of X. The first spectral sequence is trivial
from the definition of Chow cohomology groups. The second one is a con-
sequence of descent property for cycle complexes, the complex Z,(X,)s is
quasi-isomorphic Z,(X,e) and we have a first quadrant spectral sequence
E} (1) :== CH.(Xp,q) = CH.(X,p+q). O

Theorem 3.2.7 The Chow cohomology groups have the following proper-
ties:
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(1) The assignament X — CHC" (X, m) defines a contravariant functor; a
map f: X — Y induces a morphism f*: CHC" (Y, m) — CHC" (X, m).

(2) If X is smooth, then CHC"(X,m) = CH"(X,m).

(3) Homotopy invariance: The projection X x Al — X induces an
isomorphism
CHC"(X,m) = CHC"(X x Al,m).

(4) Mayer-Vietoris: For an open covering X =U UV :

— CHC"(X,m) — CHC"(U,m) ® CHC"(V,m) — CHC"(UNV,m) —

Proof. The first two properties are clear. The homotopy property is given
by the homotopy property of Bloch’s higher Chow groups (for smooth vari-
eties), together with the fact that if X, is a semi-simplicial hyperresolution
of X, then X, x A! is a semi-simplicial hyperresolution of X x A'. Via
Hanamura’s spectral sequence

E?q(r) = CHT(XZH _q) B CHCT(X7p - Q)

I l

EP9(r) = CH'(X, x Al, —q) = CHC"(X x Al,p —q)

we have the isomorphism CHC"(X,p — ¢) = CHC"(X x Al,p — ¢). For
the Mayer-Vietoris property, again we consider a cubical hyperresolution
Xe — X of X. Then the base change Uy := X¢ xx U, V4 := X¢ xx V, and
(UNV)e:=Xe xx (UNV):

XexxU —35 X XexxV — X Xexx(UnV)—X

| L ! | |

U— V — X UnvV) —— X

form hyperresolutions of U, V, and (U N V) respectively. Thus we obtain
the following diagram:

UNV)e — Us
| |

Vo ——— X
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with U, UV, = X4 and U, NV, = (U NV),. Then the morphisms
2" (Xq,0) = Cone® (2" (Uy,0) & 2" (Vy,0) = 2" (Uy N Vg, 0)]
are quasi-isomorphis for all a € O, this leads to Z"(X,)* and induces the

long exact Mayer-Vietoris sequence. O

Example 3.2.8 ([Hanl4, Prop. 1.1, 1.2]) Let C be a quasi-projective curve
over k. Let n: C' — C be the normalization of C, with 3 C C the singular
locus and £ = n~1(X). In this case n is a resolution of singularities and
defines a commutative square, that gives a cubical hyperresolution of C
(3.1.11). Taking the semi-simplicial hyperresolution, we have by definition
27(C,e)* := Cone{Z"(C, o) & 2" (%, 0) — 2 (E, o) }[—1].
Then, there is a long exact sequence
.. — CHC'(C,m) — CH"(C,m) @& CH" (X, m) — CH"(E,m)
— CHC"(C,m —1) — -+~

By (2.2.4), if r = 1 and X is smooth, then CH!(X,m) = 0 for m # 0,1 and
CHY(X,1) = I'(X,0%). Then CHCY(C,m) = 0 for m # 0,1, and we have
the exact sequence

0 — CHC!(C,1) = T(C,05) @ I'(3, 0%) — I'(E, 0F)

— CHC'(C) — CHY(C) — 0.
Now, I'(C, 0%) = k", I'(3,05) = @pex k" and T'(E, 0F) = Dyep k™ I C
is irreducible and projective, then CHC!(C, 1) = k* and there is an exact
sequence:

0— P (Pr*)/k* — CHCH(C) — CHY(C) — 0.
pPEY q—p
Theorem 3.2.9 ([Hanl4, Theorem 3.3]) Let S be an irreducible normal
quasi-projective surface over an algebracally closed field of characteristic

zero, and E the execptional divisor given by a desingularization of S. Then
the canonical morphism

CHCT(S, n)Q — CHQ_T(S, n)@
18 an isomorphism for all r,n if only if E is a rational tree.

Remark 3.2.10 Hanamura’s construction can be seen as an application of
the principle of extension of Guillén-Navarro [GNAOQ2], applied to higher
Chow groups, then many of the properties for smooth varieties can be in-
herited to singular varieties.
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3.3. Voevodsky’s motivic cohomology

The purpose of this section is to see the relationship between Hanamura’s

Chow cohomology groups [Han00] and the motivic cohomology of Friedlander-
Voevodsky [FV00]. This result is a consequence of the quasi-isomorphism

between Bloch’s cycle complexes and Friedlander-Suslin complexes in the

smooth case [MVWO06, Theo. 19.8], using the property of homotopy invari-

ance and spectral sequences. The motivic cohomology for a singular variety

is defined in terms of the cdh-cohomology. For this purpose we need to intro-

duce the cdh-topology, which permits to consider blow-up exact sequences

[MVWO06], [FS02] and [VSFO00].

The cdh-topology

Recall the definition of the Nisnevich topology [FV00]. A family of étale
morphisms {p;: U; — X} is called a Nisnevich covering of X if it has the
Nisnevich lifting covering: if for every point x € X there is an index ¢ and
a point u € U; with p;(u) = x such that the induced map of residue fields
k(z) — k(u) is an isomorpism. Nisnevich coverings satisfy the axioms for a
Grothendieck topology, which is called the Nisnevich topology in Sch(k).
This topology is intermediate between étale topology and Zarsiki topology.
To apply resolution of singularities, Voevodsky introduced the cdh-topology.

Definition 3.3.1 An abstract blow-up square is a diagram of pullback

— s X'

|

%X

with ¢: ¥ < X a closed embedding and p: X > Xisa proper morphism
that induces an isomorphism (X’'—FE) — (X —X). The associated morphism
X']]X — X is then called the abstract blow-up cover.

Definition 3.3.2 The cdh-topology (completely decomposed h-topology)*
on Sch(k) is the minimal Grothendieck topology generated by Nisnevich
covers and covers X' [[X — X corresponding to abstract blow-ups.

4«Completly decomposed” is the original term for Nisnevich topology, and the h-
topology was introduced in Voevodsky’s thesis.



Motivic cohomology for singular varieties o7

Example 3.3.3 Resolution of singularities is a form to generate cdh-coverings.

In order to work with singular varieties, Voevodsky defines a complex
associated to any separated scheme of finite type, to consider motivic coho-
mology by taking cdh-cohomology. We introduce the notion of an equidi-
mensional cycles to construct the Suslin-Friedlander chain complex Z5% (7).

Definition 3.3.4 Let T be a scheme of finite type over k, and » > 0 an
integer. The presheaf Zequi(7,7): Sm(k)°® — Ab is defined as follows: for
U smooth, Zequi(T,7)(U) is the free abelian group generated by the closed,
irreducible subvarieties Z of U x T which are dominant and equidimensional
of relative dimension r over a component of U.

The presheaf Zequi(7', ) admits an extension to Corrgy, (k), as a presheaf
with transfers. Moreover, Zequi(T,7) is a Zariski sheaf, and even étale sheaf,
for each 7" and r > 0 [MVWO06, Lect. 16, pag. 125]. If k admits resolution
of singularities, the Suslin-Friedlander motivic complexes Z°% (i) are
given by

Z5% (i) := CiZequi(AY, 0)[—2i].

We regard Z5% (i) as a bounded above cochain complex of abelian groups
of presheaves associated to the simplicial presheaf on Sm(k), given by
CrnZequi(T,7)(U) = Zequi(T,7)(U x A™). Recall that Voevodsky’s mo-
tivic complex [MVWO06, Def. 3.1] is defined as the complex of presheaf
with transfers

Z(q) = Cs(Z(GH9)) [—q)-

These complexes are actually complexes of sheaves with respect to the
Zariski topology [MVWO06, Lemma 3.2]. The motivic cohomology of a
smooth scheme X is the hypercohomology of the motivic complex Z(g) in
the Zariski topology Hy (X, Z(q)) := HE_ (X, Z(q)), see MVWO06, Def. 3.4].
Theorem 3.3.5 [MVWO06, Theo. 16.7] There is a quasi-isomorphism be-
tween Voevodsky’s and Suslin-Friedlander’s complexes in the Zariski topol-
0gy: .
Z(q) == 75 (g).

In particular, we have an isomorphism HY (X, Z(q)) 2 HY,_(X,Z5F (q)).
To incorporate resolution of singularities, motivic cohomology for singu-

lar varieties is given in terms of the cdh-topology [FV00, Def. 9.2]:
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Definition 3.3.6 For any scheme of finite type X over a field k, the mo-
tivic cohomology of X is defined by

H3 (X, Z(7)) = i, (X, 257 (5)can)-

It is important to consider this definition of motivic cohomology, because
the cdh-descent implies that for a 2-resolution there exists a long exact
sequence [FV00, p. 184]:

— HY(X,Z(q)) — HY(X,Z(q)) & HY(S,Z(q)) — HY(E, Z(q)) —

If X¢ — X is a cubical hyperresolution of X, the motivic cohomology of X
can be obtained from the motivic cohomology of X, using descent:

Lemma 3.3.7 Let X be a quasi-projective variety. Then, the morphism
HY (X, Z(q)) — HY (X4, Z(q)) is an isomorphism.

Proof. The procedure is via induction in the 2-resolutions of a cubical
hyperresolution, as in [Han00, Theo. 2.3]. Let X, = red(X{, X2...,XI) —
X be a cubical hyperresolution of X, of lenght 7. Then, X! — X is a
2-resolution given by the following square

—

M I
P

—

The 07 ; x Of-scheme red(X2,...,X}) is a hyperresolution of the -
scheme Xll, = (F — X)), its consists of F, and X,, augmented over F and
Y respectively, this is a diagram of the form

E.*>E—>)~(

L]

Ye — 1 — X.
By cdh-descent, we have the following exact sequence
—1 <5
— Hy (B, Z(q)) — Hy (X, Z(q)) — Hy (X, Z(q)) & Hy (%, Z(q)) —
By induction hypothesis, the morphisms induced by the augmentation

Hy H(B,Z(q) — Hy (Ee Z(q)) and  HY(S,Z(q) — Hj(Se, Z(q))
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are isomorphisms. Hence by five-lemma the augmentation X, — X induces
an isomorphism Hy (X, Z(q)) — Hy(Xe, Z(q)). O

For X € Sm(k) and k perfect, if F is a homotopy invariant sheaf with
transfers on the cdh-topology [FV00, Theo. 5.5]:

HY 4 (X, Fean) = H (X, Fnis) = H

Zar

(X’ 9:Zar)-

Therefore, if X is smooth and k a perfect field, motivic cohomology is com-
puted by Zariski hypercohomology:

Hj({/[(Xa Z(])) = H%ar(Xv ZSF(j)Zar) = HomDMgm(k) (M(X)7 Z(])[QD

In general if £ admits resolution of singularities, for any scheme X of finite
type over k, the motivic cohomology has the following presentation:

H3 (X, Z(5)) = Homypyyperr .y (M (X), Z(5)[a])-

3.3.8 The presheaf of Bloch’s cycle complex. In the smooth case, the
isomorphism (2.2.9) between motivic cohomology and higher Chow groups
is given by the relation between Bloch’s cycle complexes and Friedlander-
Suslin complexes. For this, we need a “sheaffified” version of Bloch’s cycle
complex as follows:

U Z"(U x A", )
for U € Xyza. Then, we have:

Proposition 3.3.9 For a scheme X of finite type over a field k, we have a
quasi-isomorphism of complexes

27X x A", 0) L5 RT(Xyar, 27 (— x A", @)).

Proposition 3.3.10 ([IMVWO06, Theo. 19.8]) For X € Sm(k), the mor-
phism

Z5F (r)[2r](X) — Z7(X x A", o)
s a quasi-isomorphism of complexes of Zariski sheaves.

These quasi-isomorphis define the following isomorphism:

CH'(X,m) = CH"(X x A", m) = H;™(X,2"(X x A", o))

Zar

= Hyp (X, 257 (r)[2r](X)) 2 Hy ™™ (X, Z(r)).

Zar
In the singular case, one way to compute Voevodsky’s motivic coho-
mology is via Hanamura’s Chow cohomology groups. In fact, we have the
following comparison theorem:
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Theorem 3.3.11 Let X be a quasi-projective variety over a field k. Then,
there exists an isomorphism

CHCY(X,n) = Hy' " (X,Q(q)).

Proof. Let X, — X be an augmented cubical hyperresolution with smooth
components X,. By [MVWO06, Theo. 19.8], there is a quasi-isomorphism of
complexes of Zariski sheaves:

C\ Zequi(A7,0)(Xp) = Z5F (1) 2r](X,) 25 27(X,, x A", o).

The compatibility with the face morphisms induces a quasi-isomorphism of
total complexes

Z3E (r)[2r] S 2T (X x A7)
There are two convergent spectral sequences
Ef7q(r) =CH"(X, xA",—q) = CHC"(X xA",p—q)
EYI(r) = Hy 79(X,,Q(r)) = Hy "7(X.,Q(r))

with an isomorphism of total cohomologies
CHC™(X x A", p—q) = Hyl "7 X,,Q(r)).

By homotopy property CH" (X, x A", —¢) = CH" (X, —¢), and since Xq x A"
defines an hyperresolution of X x A”. Via Hanamura’s spectral sequence,
we have an isomorphism CHC"(X,p — ¢) = CHC"(X x A",p — q). O

3.4. Voevodsky’s mixed motives

The existence of a category of mixed motives is still conjectural, despite this
there are several candidates of triangulated categories of mixed motives.
The constructed triangulated tensor category is expected to be the derived
category of the conjectural category of mixed motives, for this it is expected
that a t-structure can be extracted, so that the heart is the category of mixed
motives (with the properties expected by Deligne and Beilinson) [Bei87]. In
this direction, there are various constructions:

— Hanamura [Hanl, HanlI, HanIII]
— Levine [Lev98]

— Voevodsky [Voe00]
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which should ideally satisfy the expected properties by the Beilinson’s con-
jectures of the derived category of abelian category of mixed motives. Al-
though the construction of mixed motives is still conjectural, the category
does give rise to the groups of motivic cohomology, as can be seen in the pre-
vious section, which satisfies all the expected properties [Bei87], [Lic84]. In
this section we will give a brief overview of the construction of Voevodsky’s
motives, the most influential triangulated category of motives. Namely, we
will give the construction of geometric motives DMgyy, (k), as well as a sheaf-
theoric construction of the motivic complexes DM®T(k). In [Han00] and
[Lev98], Hanamura and Levine respectively apply the technique of cubical
hyperresolutions in the context of mixed motives to extend the definition of
motives to schemes of finite type over k. They give two other approxima-
tions of the triangulated category of mixed motives over a field that admits
resolution of singularities.

3.4.1 Voevodsky’s mixed motives. Let k be a perfect field that admits
resolution of singularities, and Sm(k) the category of smooth schemes of
finite type over k. For this construction, see [MVWO06] and [VSF00].

Definition 3.4.2 Let X,Y € Sm(k). The group Corrs,(X,Y) of finite
correspondences form X to Y is the abelian group generated by integral
subschemes Z C X x Y such that:

— the projection pry: Z — X is finite

— the image pry(Z) C X is an irreducible component of X.

The composition of correspondences is given as follows: For X, Y, W €
Sm(k), and a € Corrgn(X,Y), 8 € Corrgy (Y, W). Suppose that X and Y
are irreducible. Then each irreducible component C' of |a| x W N X x |3 is
finite over X and pry(C) = X. Then, the composition is

aof:= pl“*XW(Pf}Y(OZ) ’ pr*YW(ﬁ))'

The category of Corrgy (k) is the category with the same objects as Sm(k)
and morphisms

Corrg, (k)(X,Y) := Corrg, (X, Y)

with the composition defined above. There exists a functor

Sm(k) — Corrgy, (k)
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that sends X to [X] (viewed as an object in Corrg,(k)) and a morphism
f: X =Y toT'y = f, € Corrgn(X,Y). The product xj on Sm(k) induces
a product on Corrgy, (k). This makes Corrg,(k) an additive and tensor
category. Consider the bounded homotopy category Kb(Corrﬁn(k:)), this a
tensor triangulated category.

Definition 3.4.3 The category DMgﬁl(k) of effective geometric motives
is obtained in the following way:

(1) Localize K®(Corrgy,(k)) with respect to the thick subcategory gener-
ated by complexes of the form:

(a) Homotopy. pry,: [X x Al] — [X]

(b) Mayer-Vietoris. [UNV] — [U] & [V] — [X], where U and V
are Zariski open subschemes of X such that X = U U V.

(2) The category DMgfn(k:) is the pseudo-abelian completion of the result-
ing quotient category.

The category DM;%:(I{) then is triangulated tensor category [BS01]. Finally,
the category of geometric motives DMy, (k) is obtained by inverting the
Lefschetz motive. For any X € Sm(k), the structural morphism X —
Spec(k) gives us in DMgffn(k) a morphism Mgy, (X) — Z. There is a canonical
dintinguished triangle

My (X) = Mg (X) = Z — My (X)[+1]

where Mgm(X ) is the reduced motive of X determined in K(Corrgy(k))
by the complex [X] — Spec(k). For a k-rational point in X, there is a
decomposition Mg (X) = Z @ Mg (X) in DMET (k
is Z(1) := Myn(PY)[2]. For n > 0, set Z(n) :=
M e DMgﬁl(k‘), the Tate twist is given by M(n) :

. The Tate motive

m (k)
Z(1)®". For any object
=M ®Z(n).
Definition 3.4.4 The category DMy, (k) is obtained from DMgfn(k:) by in-
verting Z(1). More precisely, objects of DM, (k) are pairs of the form (A4, p)
where A € DMggl(k) and p € Z. The morphisms are given by

DMgm(k) ((Avp)7 (Bv Q)) = r>1ir;1 qDMeﬁ (k) (A(T + p), B(T + Q))
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The resulting category DMgy, (k) is a rigid tensor linear triangulated
category [MVWO06, Theo. 20.17]. The four steps in the construction of
DM (k) can be summarized in the following diagram:

Sm(k) — Corrg, (k) — Kb(Corrﬁn(k)) — Kb(Corrﬁn(k:))/(HI + MV)

se. ab e Z(1)~1
P57 DMEE (k) T DM (k).

3.4.5 Properties of DMy, (k). The main properties of the category
DM, (k) are:

Kunneth formula: M(X xY) = M(X)® M(Y).
Homotopy invariance: M (X x Al) = M(X).
Mayer-Vietoris: For X = U UV, there is a distinguished triangle

MUNV) = MU)®MV) = M(X) = MU NV)[].

Projective bundle: Let € be a vector bundle over X of rank n + 1.
Consider F = P(€) — X its projectivization, then we have:

M(E) = @ M(X) @ Z(i) 2i].
=0

Blow-up triangle: Let Z C X be a smooth closed subscheme, Blz X
the blow-up of X along Z with exceptional divisor E. Then, there is
a distinguished triangle

M(E) — M(BlzX) @ M(E) — M(X) — M(E)[1].

Gysin triangle: If Z C X is a smooth closed subscheme of codimen-
sion ¢ in X, there exist a distinguished triangle

M(X — Z) = M(X) — M(Z)(c)[2] — M(X — Z)[1].

Duality: The category DMgy, (k) is rigid, i.e. there is a duality functor
(=)Y: DMgm(k) — DMgn(k)°PP. For X smooth and projective of
dimension d, we have

M(X)Y = M(X)(~d)[-2d].
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— Adjunction: The functor — ® BV is right adjoint of — ® B.

Remark 3.4.6 The construction of DMy (k) is based on the model of the
construction of Mot (k), the Grothendieck pure motives [MNP13]. The
construction of DMgy, (k) being covariant, contrary to Mot (k), which was
cohomological. The relation between these categories is the following: there
exists a fully faithful embedding

Motyat (k) <= DMgm (k)
this is given by the fact that

DMy (k) (M (X), M(Y)) = CHY (X x V) = Corr%, (Y, X).

rat

Motivic Complexes

The deepest properties, such as Blow-up, Gysin and Duality, are proved
via an embedding of DMgfn(k) into a triangulated category of sheaves with
transfers DMe_H(k), the category of motivic complexes. We will give here a
sketch of Voevodsky’s construction.

Definition 3.4.7 A presheaf with transfers is a contravariant additive
functor F: Corrg, (k) — Ab. The presheaf is called homotopy invariant
if the natural morphism pr¥ : F(X) — F(X x Al) is an isomorphism.

Example 3.4.8 The prototype of a presheaf with transfers is Corrgy(—, X).

The category of presheaf with transfers PST(k) forms an abelian cate-
gory with enough injectives/projectives. Nisnevich (Zariski, étale) covering
generate a Grothendieck topology, the Nisnevich (Zariski, étale) topology
on Sch(k).

Definition 3.4.9 A presheaf with transfers F is called a Nisnevich sheaf
with transfers (Zariski, étale) if the composition Sm(k) — Corrg, (k) —
Ab is a sheaf for the Nisnevich (Zariski, étale) topology.

Denote the category of Nisnevich sheaf with transfers by Nis, (k). Again,
the category Nis, (k) is an abelian category with enough injectives. There
are fully faithful inclusions ét, (k) C Nisy, (k) C Zary, (k) C PST(k).
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Definition 3.4.10 Let D~ (Nis, (k)) be the derived category of bounded
above complexes of Nisnevich sheaves with transfers. The category DMe_H(k‘)
of effective motivic complexes is the full subcategory of D~ (Nis, (k))
of bounded above complexes of Nisnevich sheaf with transfers whose coho-
mology sheaves are homotopy invariant.

3.4.11 Let F be a presheaf with transfers. The Suslin complex C,(¥) is
the complex of presheaves on Sm(k) defined by

Co(F)U) = F(U x A

where the differentials are alternanting sums of pullbacks to the faces. By
definition the sheaf C),(F) is placed in degree —n, making C\(F) a complex
that is bounded above, let C*(F) the complex defined by the change of
indices C™ () := C_,,(F). If F is a Nisnevich sheaf with transfers, the Suslin
complex C,(F) has homotopy invariant cohomology sheaves [And04, Cor.
19.2.5.2]. This construction defines a functor C,: Nisi (k) — DM (k).
Now we give a way to build sheaves with transfers, this allows us to associate
a motivic complex to any variety X as follows. We denote by Z,(X) the
presheaf with transfers defined by

Z(X)(U) := Corr, (U, X)
with U € Sm(k), this defines a functor Z,(—): Sch(k) — PST(k). We
can see that the presheaf Z,(X) is an étale sheaf with transfers [MVWOG,
Lemma 6.2]. Hences Zi, induces a functor
Zir: K°(Corrgy (k) — D™ (Nis (k).
The motivic complex associated to X is the class Ci(X) 1= Ci(Z(X))
in DM®T(k). Explicitly, C,(X) is the presheaf in Corrg, (k) given by
Cn(X)(U) = Corrsy (U x A™, X).
In particular, if X is smooth, then Z(X) is the presheaf in Corrg, repre-
sented by X.

Theorem 3.4.12 (Localization Theorem, [Voe00, 3.2.3]) The functor
C, extends to a functor
RC,: D™ (Nisg(k)) — DM (k)

which is left adjoint to the natural embedding. The functor RC, identifies
DMt (k) with the localization of D~ (Nis(k)) with respect to the thick sub-
category generated by complexes of the form

Zi(X x AY) = Z(X), for X € Sm(k).
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Theorem 3.4.13 (Embedding Theorem, [Voe00, 3.2.6]) The composi-
tion functor

RO, o Zi,: KP(Corrgy (k) — DM (k)

factors through DMZﬁl(k), and the functori: Dszél(k:) — DM (k) is a fully
faithful embedding. In fact, we have a commutative diagram

K" (Corrgy, (k) —2 D~ (Nis(k))

m| e

eff i eff
DMg,, (k) ————— DMZ'(k)
where the Suslin complex Cy(X) = RC(Zi (X)) = i(M(X)).

3.4.14 The motives M(X) and M°(X) [Voe00, Sect. 4]. For X €
Sch(k), we define the motive M(X) as the class of Ci(X) in DM®" (k).
By embedding theorem, this construction extends the definition of M (X)
for X € Sm(k) given in (3.4.3). For motives with compact support, con-
sider the following definition. Let X € Sm(k) and Y € Var(k), the
group Corrq_gn(X,Y) of quasi-finite correspondences from X to Y is
the abelian group generated by integral subschemes Z C X x Y such that
prx: Z — X is quasi-finite over an irreducible component of X. This allows
us to consider the following Nisnevich sheaf with transfers, for X € Sch(k):

25 (X)(U) := Corrg—gn (U, X).

Then, the motivic complex with compact support of X is defined by
CS(X) := Ci(Z{.(X)). The motive with compact support M¢(X) is
given as the class of C¢(X) in DM®™ (k).

Using the blow-up and Gysin distinguished triangles we have the follow-
ing important result:

Corollary 3.4.15 ([Voe00, Cor. 4.1.4, 4.1.6]) Let k a field which admits
resolution of singularities. Then for any scheme X of finite type over k, the
motives M(X) and M¢(X) belong to the triangulated category DMEﬁl(k).

3.4.16 Comparison theorems. We denote by DM(k) the triangulated
category of motives constructed in [Lev94]. In char(k) = 0, Levine [Lev94,
Part 1, Chap. VI, Theo. 2.5.5] proves that there is an equivalence of tri-
angulated categories DM(k) — DMgy (k) between Levine’s and Voevosky’s
motives. The comparison between Hanamura’s [Hanl| and Voevodsky’s mo-
tives is due to M. Bondarko [Bon09]. Bondarko proves that there exists an
(anti-)equivalence of triangulated categories of motives D(k) — DMgm (k).



Chapter 4
A regulator morphism for singular varieties

The KLM-formula is first defined for projective and smooth varieties at
complex level, in terms of cubical Bloch’s cycle complex and currents, which
defines the motivic cohomology and absolute Hodge comology respectively
[KLMO6]. In [KLO7], the authors extend this formula for open smooth va-
rieties, and complete normal crossing varieties. This formula admits exten-
sion to complete singular varieties, then all quasi-projective varieties. In
this generalization, Higher Chow groups is a Borel-Moore homology theory
and is replaced by Voevodsky’s motivic cohomology, which is identified with
higher Chow cohomology groups. The procedure is via cubical hyperreso-
lutions [GNPP88] and [GNAO02]. In this chapter we will describe explicitly
the complexes that define the regulator morphism in the singular case:

regy: CHC"(X,m) = Hj%/f_m(X,Q(r)) — HUQ{T_m(X,Q(T)).

This morphism is first described in terms of double (triple) complexes.
Then the cycle-class morphism is given by the cohomology of the total com-
plexes. The Abel-Jacobi morphism is evaluated on the graded pieces through
the spectral sequence, and described page to page by the morphism of spec-
tral sequences between motivic cohomology and absolute Hodge cohomology.

4.1. The regulator for a complete NCD

Consider the case where Y C X is a complete normal crossing divisor. For
Y = va Y;, we consider the following notation:

— Yr=ier Yo, I = {i1, ... i},
— Vg == Y1,

— Jrjt Yingy <= Yr,

= Y =Ujgr Ying) € Y-
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This produces a semi-simplicial hyperresolution a: Yy — Y:
H H
_ _ a
S Yy Yy =S Yy — Y

with smooth and projective components, and a satisfies the cohomological
descent. To construct the cycle class morphism associated to Y, we need
to introduce double complexes to give us spectral sequences that compute
motivic cohomology and Deligne cohomology. According to [KLM06, KL0O7]
and [GGK10], there is a fourth quadrant double complex:

Z'l;/j(’r) = 2]7 @ Zr(Yr, —

[I|=i

with differentials Op: Zi’,j (r) — Z,i’,jﬂ(r) (vertical, Bloch) and horizontal
8y: 2 (r) — 28 (r). The associated total complex is

2y (r) :=s2y%(r)  and Q=05 +d,.
The motivic cohomology of Y is given by
Hy (Y, Z(r)) := H*(23(r), 9).

For Deligne cohomology, we consider the following double complex

Ky/(r) == By/(r) @ F'Dy/ (r) @ Dy ~'( @ Co (Y7, Q(r))yr
[1|=i
= @ {cy 7 (v.00) & Froy (v o 05 (1)
|I|=t

where C3,(Y7,Q(r)) :== J*{Y}(Y7) ®z Q(r) are the locally intersection cur-
rents [KLO7, Def. 8.5], and DY (Yr) := N{Y1}(Y;) denotes the (locally)
normal currents. The associated total complex is

Cpy (1) = s"K3" (1),
The Deligne cohomology is defined by
Hy (Y, Q(r)) = H*(Y,s"K3*(r)) = H* (Yo, K3°(r)).
The KLM-currents produces a morphism of double complexes
27(r) — K (r)
a — (=2mi)"H((2m8) T, Qas Ra).
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This is a moprhism on 0**-page of both spectral sequences. Then, the mor-
phism of total complexes:

reg: 2y (r) — Cg'ly(r)

is the regulator morphism for Y on the level of complexes. The cycle-class
morphism of total cohomologies

cly : Hy ™ (Y,Q(r)) — H3 (Y, Q(r))

is compatible with natural weight filtration arising from the double com-
plexes.

4.2. The absolute Hodge cohomology

Sheaves, cohomology and cohomological descent

Let X be a quasi-projective variety over C. Consider a cubical hyperres-
olution red(X{,...,XI) — X, with associated augmented semi-simplicial
scheme X, — X [GNPPS88]. Cohomological descent is a technique intro-
duced by Deligne [HodgellI], to extend the notion of mixed Hodge struc-
tures to non-smooth varieties. This is a variant of the technique given by
Cech. For example, this property allows us for a 2-resolution

| I

Xsing — = X

to obtain a blow-up exact sequence on cohomology. For a sheaf F on X, we
have an exact sequence

o HY(X,F) = H(X,p*F) ® H (Xaing, i*F) — H(E, (po j)*F) — - --

In general, a sheaf F* on a semi-simplicial scheme X, is a collection of
sheaves 7 on X,,, and morphisms of sheaves d;: d;F?~1 — F4 satisfying the
semi-simplicial identities. A morphism of sheaves F': $* — G® on X, is a
family of morphisms {F?: 3 — GP} compatible with the face morphisms.
For example, for a sheaf J* on X,, the Godement resolutions C¢,  (I7) give
injective resolutions of FP, and fit together to give an injective resolution

Gdm (F®) of F* on X,. This allows us to define the cohomology of a semi-
simplicial scheme X, with values on F*. The abelian groups

FP .= (X, €L, (7))
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form part of a double complex. We define
H*(X,,5°) := H*(s*(F**)).

For an augmentation a: X, — X and a sheaf F* on X,, the sheaves
0+C{ 4, (FP) form a double complex of sheaves on X its associated total
complex defines

Ra,F* = s°[a.C4,, (F°)].

This complex computes the cohomology of X,, and we have
H*(X, Ra.F*) = H*(X,,F*).
In general, we have natural adjunction morphisms of sheaves on X
F — Ra.(a"F).

Definition 4.2.1 An augmented semi-simplicial scheme a: X, — X has
the property of cohomological descent if the natural morphism

F — Ra.(a*F)
is an isomorphism in DT (Qx), for any sheaf F on X.

In this case, we have a spectral sequence
EPT = HY(Xp,a3F) = HPY(X, F).

Remark 4.2.2 For an augmented semi-simplicial hyperresolution a: Xo —
X, cohomological descent allows us to study the cohomology of a singular
variety in terms of the cohomology groups of smooth varieties lying over it.

Mixed Hodge complexes

Mixed Hodge complexes constitute a technique introduced by P. Deligne
in [HodgelII] to extend his theory of Hodge structures to the case of the
cohomology of singular varieties, using simplicial resolutions. Recall that a
mixed Hodge complex K*® is given by

— a filtered complex (K@, We),

— a bifiltered complex (K¢, W,, F'*),
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— a filtered quasi-isomorphism (K@, We) ® C — (K¢, Wa).

satisfying the conditions given in (2.3.1). An important result about mixed
Hodge complex is the following theorem [Hodgelll, 8.1.9]:

Theorem 4.2.3 Let K*® be a mized Hodge complexr. Then H*(K®) has a
mized Hodge structure:

— The Hodge filtration is induced by
FPH™(K2) = In(H™ (FPKE) — H™(KP))
moreover, the espectral sequence (K2, F) degenerates at Ej.
— The weight filtration is defined by
Werm(KQ) = Im(Hm(WgK@) — Hm(K@))
and the espectral sequences (K@, W) and (Grf., W) degenerates at Es.

Let U be a smooth quasi-projective variety over C. By Nagata [Nag62] and
Hironaka’s resolution of singularities [Hir64] we can find a compatification
U — X with X smooth projective, and Y := X — U a normal crossing
divisor. In [KL07], Kerr and Lewis construct a mixed Hodge complex asso-
ciate to the pair (X, U), this is a Gysin complex given in terms of the total
complexes corresponding to semi-simplicial scheme ylel, augmented to X.

Theorem 4.2.4 The following system given by:
— (K§, W) = (s*C(r), Ws),
— (Kg,W,F) = (s*D(r), W,, F*)

defines a mized Hodge complex, with filtrations We(= '"W~*) and F*® as
in (2.5.3). In particular, the complex RT'(K*®) gives us the absolute Hodge
cohomology of U.

4.2.5 Guillén-Navarro’s extesion criterion [GNA02]. The above con-
struction defines a functor

K3:: Sm(C) - MHC, (4.1)
where the complex

RT3(K*®) = Cone(WOS'C’(r) &) FOWOS.D(T) — /Wos'ﬂ(r)) [—1]
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defines the absolute Hodge cohomology of U, and W is Deligne’s décalage
filtration. Deligne shows that for any complex variety X, we can construct
a functorial mixed Hodge complex associated to X:

K3:: QuProj(C) - MHC

For this, Deligne in [HodgelII] extends the notion of mixed Hodge complex
to quasi-projective complex algebraic varieties with singularities, using its
simplicial hypercoverings. Here we use the alternative technique of cubical
hyperresolutions developed in [GNPP88]. In [GNA02], Guillen and Navarro-
Aznar developed a general descent theory, aided by the theory of cubical
hyperresolutions. This allows to establish an extension criterion of functors
defined on the category of smooth varieties, to the category of all varieties
and define the weight filtration for any complex variety. This technique
permits to extend the above construction, defined in (2.5.1-2.5.3), via the
following theorem:

Theorem 4.2.5 ([GNAO02, Theorem 2.1.5]) There is an essentially unique
functor

K3 : QuProj(k) — K*(MHC)
extending the functor K3.: Sm(C) — MHC of (4.1), such that:

(D) If X, is an elementary acyclic square (abstract blow-up), then SK;_é (Xo)
is acyclic (abstract blow-up).

Remark 4.2.6 The extension criterion is the same technique that Hana-
mura applies in [Han00] to the higher Chow groups. Other applications
are in Grothendieck’s theory of motives, and the weight filtration in alge-
braic K-theory. It is also closely related to the conditions of descent in the
cdh-cohomology (or h-topology).

4.2.7 Construction. Let U be an arbitrary quasi-pojective variety over

C, with compatification U — X. Then, we may take a hyperresolution
of the pair (Xo,U,) — (X,U), these are hyperresolutions X, — X and
Ues — U, such that Y, := X, — U, is a simplicial NCD, i.e. Y, :== X, — U, is
a normal crossing divisor for all p

L

The semi-simplicial scheme given by the cubical hyperresolutions Uy = X¢ —
Y, — U satifies the descent cohomological property [GNPPS88|.
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Definition 4.2.8 An A-mixed Hodge complex K*® over U, consists of:
(i) a filtered complex (K¢, Ws) € DTF(U,,Q),
(ii) a bifiltered complex (K&, W,, F*) € DTF3(U,,C),
(iii) a filtered quasi-isomorphism (Kg, We)®C — (K¢, Ws) in DTF(U,, C)

such that the restriction of K, to each U, is an A-mixed Hodge complex.

In order to construct the absolute Hodge cohomology of U, singular
and non-compact, we need to describe explicitly a mixed Hodge complex
associated to U. This construction is given component by component in the
hyperresolution of U. Applying this construction to each U, = X, —Y), this
family of filtered complexes forms a filtered complex over U,, and we obtain
a simplicial mixed Hodge complex K* € MHC(U,). Considering the total
(simple) complex, we have a mixed Hodge complex over U.

Proposition 4.2.9 Let Uy — X, be a good compactification of a smooth
simplicial variety Us, with Y, = X, — U, a normal crosing divisor. Taking
K@ as the simple complex given on each component X, —Y, by K5 = s*C(r)
asin (2.5.1). In the same way, we define K. = s*D(r). These complexes are
given by the resolution Yp[.] — Yp[o] = X, together with the usual filtrations
We and F*® forms a simplicial mized Hodge complex.

Absolute Hodge cohomology for singular varieties

In characteristic zero, using resolution of singularities we can produce a
cdh-covering X, — X, for any variety X. Then, a natural way to ex-
tend a functor (cohomology theory) defined on smoooth schemes to singular
varieties is to use cdh-covers. More concretely, hyperresolutions is a way
to generate this type of covers. Consider an arbitrary U € QuProj(k).
The (polarizable) mixed Hodge complex is given in terms of hyperresolution
(Xe,Us) — (X,U). By definiton, the absolute Hodge cohomology of one
component U, of U, is computed by the complex

RT3 (K*) = Cone® (WOK@ @ FOWOK(.Z — WOK(E)[_H

According to Kerr and Lewis [KLO07, 2.8], the above cone complex can be
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seen as the total complex of the following double complex:

0, ji>1

ker(d) C D2r+D (v, ), j=1
H(r)ef, = ker(d) € C2H) (v, Qr + 1)) @

ker(d) C FODQ(TH)(YPH}) @@%—i—%—i(yp[*i])? i=0

Co 2 (v Qr + 1)), j<0

where Yp[_i]’s are the components given by the semi-simplicial hyperreso-

lution YpM — Y, — X, associated to the normal crossing divisor Y, and
augmented over X,. By [KLO07, (2.10)], this construction defines a distin-
guished triangle

s*Hy, (r) = s*Hx, (r) = s*Hy, (r) =
where S.:HU; (r) computes the absolute Hodge cohomology of U,. This con-
struction defines for a semi-simplicial hyperresolution Uy — U a triple com-
plex, denote this complex by Hp,(r). First consider the double complex
f}C;}i (r) over U,, then considering the total complex s*Hy, (r) on each smooth
component on the simplicial variety, we have the complex s®*H (). The ab-
solute Hodge cohomology of U is defined by any simplicial mixed Hodge

complex of U, via the descent given by the augmentation a: Uy — U.

— Using the extension criterion of Guillén-Navarro [GNAO02], we can extend
the definition of absolute Hodge cohomology from smooth varieties to com-
plete singular varieties, or more generally, to quasi-projective varieties, using
the hyperresolution of the pair U — X.

Definition 4.2.10 For a quasi-projective variety U over C, the absolute
Hodge cohomology of U is defined by

HI(U,Q(r)) := HY(U,sRa,Hy, (r)) = HY(Us, Hy, (7).

This definition is similar to one given in [Nav08, A.6], and is well-defined,
because it is independent of the choice of the hyperresolution U, — U. More-
over, is indepedent of the compactification U, < X, of the hyperresolution
[Jan88]. There is a spectral sequence of absolute Hodge cohomology [BZ90]:

EY(r) i= Hie(Up, Q(r)) = Hy (U, Q(r)) = Hy (U, Q(r))-
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The cohomological properties of smooth varieties naturally extend to the
case of singular varieties, in addition the descent gives us a long exact se-
quence

— Hj'(E,Q(m)) = Hj(X,Q(m)) = Hj(,Q(m)) & Hy(X,Q(m)) —
for a 2-resolution of the form

— X
|
X

M<—

—

4.3. A regulator for singular varieties

Let X be a projective, singular variety over C. In this case, the construction
of regulator is based on a diagram given by the cubical hyperresolution

H a
-*)X3*>X2*>X1*>X

— ’
which exists by resolution of singularities [GNPP88|. The basis of the con-
struction is the model given by the case of a NCD [KL07, Pro. 8.12], with
each X, a smooth and projective variety. In this case, the absolute Hodge
cohomology of X, is computed by the Deligne complex. Then, the regulator
morphism on the level of complexes is given by [KLMO06, 5.5]:
KEA gepa )
= (=2mi) T ((2mi) "I T, Qa, Ra).

29(r) 1= 25(X, ~q)

o

where the complex HP-4(r) is quasi-isomorphic to Deligne complex. Organiz-
ing these morphisms in a double complex, it defines a fourth quadrant double
complex. Since all components in the simplicial hyperresolution X, — X is
smooth and projective, there is a filtration on the level of complexes given
by the “weight” filtration on the absolute Hodge complex that induces a
spectral sequence. Then, the regulator morphism and the Bloch’s cycle-
class morphism extend to cycle-class morphism of singular and projective
varieties, defined by Hanamura’s Chow cohomology groups.

Theorem 4.3.1 There is a morphism of (double) complexes in the derived
category ZP4(r) — HP4(r) given by the KLM-formula, with a morphism of
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total complezxes ng(r)[%] ~ 2"(Xe)* — Hx,(r). This regulator morphism
induces a cycle-class morphism on the total cohomologies

HE ™ (X,Q(r)) = CHC' (X, ) — H2 (X, Q(r)).

Such a morphism coincides, when X is smooth, with the KLM-regulator
[KLMO06].

Proof. Let X be a singular, projective variety over C. Consider a cubical
hyperresolution X, — X, where each component X, is smooth and projec-
tive. Under the quasi-isomorphism Z5(r)[2r](X,) =~ 2"(X, x A", e), and
using the KLM-morphism we have a morphism of spectral sequences

HaM(X,,Q(r)) == Hy"(X,Q(r))

~| E

CH"(X,, —q) === CHC"(X,p—q)

J Jo

HZM(X,,Q(r)) == HZPT(X,Q(r))

These are morphisms of E1-pages of the spectral sequences induced by KLM-
formula given in the Ey-page by ZR?(X,, —q) — HP4(r).

Example 4.3.2 For a projective curve C over C, consider the normalization

n: C — C with singular locus ¥ C C, and E = () (with reduced scheme
structure). We have a cartesian square

—

M+— I
Qs

N
where 7 is the embedding. The total (cone) complex
Z7(C,0)* := Cone{2(C, ) ® 2" (%, 8) — 2" (E, ) }[~1]

computes the motivic cohomology of C'. The absolute Hodge cohomology of
C is given by the complex

32 (r) = Cone{ 3% (r) & HE* (r) — I3 (1) }[-1].
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By definition of the triangulated estructure, and realizations given on the
level of double complexes [KLO7, Ex. 3.1], we have the following regulator:
25(C, 0)" = He(r).

The above square induces a long exact sequence on absolute Hodge coho-
mology and motivic cohomology, by descent:

CH'(E,m +1) —— HZ™(X,Q(r)) ——— CH'(X,m) ® CH"(Z,m)

| ! !

H3{ ™" (B, Q(r) —— Hi™"(X,Q(r) —— H™"(X,Q() & Hi™"(3,Q(r).
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Chapter 5
Some computations of motivic cohomology

Let X be a singular, quasi-projective variety. A cubical hyperresolution
Xe — X in the sense of [GNPP88] is a semi-simplicial scheme consisting
of smooth schemes X, for 0 < p < N with some /N, and face morphisms
d;: X, — Xp—1 satisfying certain identities. The cubical hyperresolution
induces a fourth quadrant double complex

2T (Xo, 8) 15 27(X1,0) L o L 2 (X, e).

The cohomological cycle complex Z"(X,)* of X is the total complex of above
double complex, and the Chow cohomology group (or motivic cohomol-
ogy) is by definition the m'-homology of this complex: CHC"(X,m) =
H,, (Z.’"(X, o)*) There is an associated spectral sequence

EP(r) := CH'(X,, —q) = CHC"(X,p — q) = Hy ""(X, Z(r))

which does not depend of the choice of cubical hyperresolution X, — X
[Han00]. Let X be a normal variety of dimension d > 3. Recall that the
singular locus Xging is of codimension > 2. The resolution of singularities of
X along X, induces an exact sequence of motivic cohomology groups:

— HY'™(X, Z(r)) — CH"(X,m) & CH" (Xging, m) — CH" (E,m) —

When X is a smooth, the Bloch’s higher Chow groups vanish in negative
degrees. In codimension r = 1, we have Hj%/[_m(X,Z(l)) = 0 for m # 0, 1;
H2(X,Z(1)) = Pic(X) and Hi(X,Z(1)) = T'(X, 0%) [Blo86a]. This fact
implies, for any variety, that CHC(X, m) = 0 for m > 1.

5.1. Motivic cohomology of varieties of dimension 3

In this section, consider an irreducible normal quasi-projective variety X of
dimension 3 such that the singular locus Xg,g is either a finite number of
points or a curve. For varieties of lower dimensions, see [Han14].
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Example 5.1.1 Let X be an irreducible projective variety of dimension 3
over an algebracally closed field k. If the singular locus Xy, is a connected
smooth curve, consider the resolution of singularities along Xgng. This in-
duces a Cartesian square

F— X
Lk
Xeing —— X

and we suppose that F = pil(XSing) is a connected smooth surface. There-
fore, we have a cubical hyperresolution

Xo=F — 3 X1 = X [[ Xaing —> X
with cohomological cycle complex
Z"(Xe)" = Cone{Z"(X, ) ® 2" (Xsing, ®) — 2" (E, ) }[-1].
In codimension r = 1, we have a long exact sequence
0 — CHC'(X, 1) = T(X, 0%) & T(Xaing, O%,,,,) = T(E, 0%) —
CHCY(X) — CH'(X) @ CH!(Xgng) — CH'(E) — CHC(X, —1) — 0.
Under the identification (2.2.4), the above sequence gives us the following:
0 — CHCY(X,1) = k* @ k* — k* — CHCY(X) —
— Pic(X) @ Pic(Xing) — Pic(E) — CHCY(X, —1) — 0.
Then CHCY(X,m) = 0 for m # —1,0,1, and CHC'(X,1) = k*. Tt is also

immediate to see that
CHC!(X) = Ker{Pic(X) ® Pic(Xang) — Pic(E)}.
By the same argument we have
CHCY(X, —1) = Coker{Pic(X) @ Pic(Xng) — Pic(E)}.

In particular, if € is a vector bundle of rank n + 1 over X, with F =
P(€) = Xging its projectivization, then

Pic(F) = Pic(Xging) @ Z.
In this case, the group CHC!(X) can be seen as:
CHC'(X) = Ker{Pic(X) — Z}
and CHC!(X, —1) is a torsion group.
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Example 5.1.2 Let X be a singular projective variety of dimension 3, with
singular locus Xging = {p}. Let p: X > X bea desingularization of X such
that E = p~!(Xsing) is a normal crossing divisor. Then we have a Cartesian
square

E——

|

Xsing — X

<T><Z

this is a 2-resolution of X. This desingularization extends to a cubical
hyperresolution by resolving £ — Xy, but in this case Xgj,g is non-singular
and the process continues via a 2-resolution of E. This process reduces the
study of motivic cohomology and higher Chow groups to E. By definition,
CHC"(X,m) is the m*™ homology of the complex

2" (X,,®)" := Cone{Z"(X, o) ® 2" (Xsing, o) — 2" (E, @) }[-1].

Then, we have a long exact sequence

.- — CHY(X, 3) ® CH'(Xing, 3) — CHCY(E,3) — CHCY(X,2) )

LCHlXQ ) & CH' (Xging, 2) — CHC'(E,2) — CHCH(X )j

L CHY(X,1) ® CH!(Xgng, 1) — CHCY(E,1) — CHC'(X) )

g CH'(X) @ CH'(Xng) — CHC!(E) — CHC'(X, —1) )

L CHY(X, —1) ® CH! (Xying, —1) = CHCY(E, —1) - CHCY(X,—2) — - --

(5.1)
The first observation is that CHC!(E, m) = CHCY (X, m—1) for m # 0,1, 2.
To compute Z"(E, e)* consider the following. A strict normal crossing divi-
sor B = UZ]\L 1 B, with each component an irreducible and projective surface.
Further suppose that F is a tree, i.e. the associated graph is a tree. Let
E;; = E; N E; be the intersection of any two irreducible components of £,
so the intersections F;; are curves. Let Epy) := [[ E; and Ejy) = Hi<j Eij.
In our case, this description defines a simplicial scheme over E:

]_[Ez ﬂEj *)} ]_IE'Z 5 F.
The associated cohomological cycle complex is

Z'(E o) := Cone'{Zr(E[l], o) i> ZT(E[Q]: ’)}[_1]'
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Since Ejg and EJy) are projective and smooth, we have a long exact sequence
of the form:

0 — CHC'(E, 1) — CH'(Ej, 1) <5 CH' (B, 1) —
CHCY(E) — CH'(Ejy) < CH'(Eyy)) — CHCY(E, 1) = 0. (5.2)

The associated graph I' of E is the graph consisting of the vertices corre-
sponding to the components F;, and the edges corresponding to intersections
E;; = E; N E;. The resulting graph I' is connected since F connected. The
cochain complex C*(T) is the complex of two terms d: C°(T') — C(T),
where C*(T") = Hom(C;(T'), Z) with i = 0, 1, is free abelian group with dual
basis to Co(I") and C1(I") (generated by {E;} and {E;;} respectively), and
d(ei) =D i< j€ij — m<i €mi- By definition H*(I') is the cohomology of the
complex C*(I") [Han14]. With this description, we have the following result:

Proposition 5.1.3 Let E be a connected simple normal crossing divisor
such that the associated graph is a tree, and H(T') = 0. Then, CHC!(E, m) =
0 for m # —1,0,1, and CHCY(E, 1) = k*.

Proof. Under the identification CH* (Ep)) = C°(I') ® k* and CHI(E[I]) =
CH(T) ® k*, the previous exact sequence (5.2) is transformed into the fol-
lowing:

0 — CHCM(E,1) — (1) @ k* 2 /(D) @ k*
— CHC(E) — Pic(Ejq)) - Pic(Epy)) — CHC'(E, —1) — 0,
Since H!(T') = 0, the morphism ¢*: C°(T') ® k* — C(I') ® k* is surjective
Corollary 5.1.4 Let X be an irreducible normal projective variety of di-

mension 3 over an algebraically closed field k of characteristic zero. Suppose
further that under the resolution of singularities, E is as in the above propo-

sition. Then CHCY(X,m) = 0 for m # —2,—1,0,1, CHC}(X,1) = k*, and

there is an eract sequence
0 — CHC'(X,1) = k* @ k* — k* — CHC'(X) — Pic(X) —
CHCY(E) — CHC}(X,—-1) - 0 — CHC!(E,-1) —» CHC}(X,-2) = 0

Proof. By (5.1.3) and previous results, the long exact sequence (5.1) can
be reduced to the following exact sequence:
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0 — CHCY(X,1) — CHY(X,1) ® CH'(Xging, 1) — CHC'(E, 1) —
— CHC'(X) — CHY(X) — CHC'(E) — CHC' (X, —1) —
— CH'(X, —1) ® CH'(Xging, —1) = CHCY(E, —1) — CHCY (X, —2) = 0
Since the higher Chow groups of smooth varieties vanish in negative degrees,

and Pic(Xging) = 0, the corollary follows immediately. O

5.2. Varieties of higher dimension

Let X be a complex projective variety of dimension d, with singular locus
Xsing smooth, irreducible of codim(Xging) > 2. Consider a resolution of
singularities p: X — X, where E = p 1 (Xsing) is a simple normal crossing
divisor such that the graph associated is a tree. This defines a 2-resolution
E=X [ Xsing — X. Again, the cohomological cycle complex is given by

2" (Xo, )" = Cone{Z" (X, o) ® 2" (Xeing, ) — 2" (E, ¢)*}[~1].
And there exists an exact sequence
— CHC'(X,m) — CHC'(X, m) & CHC! (Xing, m) — CHC'(E, m) —
Then the analysis is reduced to E. Since the associated graph to E is a tree

with HY(T') = 0, then CHCY(E, m) = 0 for m # —1,0,1, and CHC!(E, 1) =
k*. Tt immediately follows that CHC!(X,1) = k*.

Proposition 5.2.1 There is an exact sequence:
0 — CHCY(X,1) = k* & k* — k* — CHC!(X) — Pic(X) & Pic(Xsing)

— CHCY(F) — CHC*(X, -1) = 0 — CHCY(E, —1) — CHC!Y(X, -2) — 0
with CHCY(X,m) =0 if m # —2,—1,0,1, and CHCY(X,1) = k*.
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